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RESUMO

Séries temporais financeiras possuem caracteŕısticas que as distinguem de outras
séries existentes, comumente conhecidas como fatos estilizados de séries financei-
ras. Uma dessas caracteŕısticas é a presença de outliers na série o que dificulta
sua modelagem e previsão. Adicionalmente, essas séries possuem substancial sen-
sibilidade a decisões poĺıticas, sociais e econômicas, gerando um aumento em sua
volatilidade. Esta pesquisa tem o objetivo de apresentar o estimador de regressão
quant́ılica M , discutido em Breckling e Chambers (1988), como abordagem al-
ternativa para estimar os parâmetros do processo Autorregressivo Generalizado
com Variância Heterocestática Condicional (GARCH), amplamente utilizado para
modelar e prever séries temporais financeiras. É bem conhecido que o estimador
de regressão quantilica M é consistente na presença de outliers aditivos, ou seja,
possui a propriedade de robustez, e recentemente foi amplamente utilizado para
estimar séries temporais lineares com diferentes estruturas de correlação, seja no
domı́nio do tempo ou da frequência. Simulações serão realizadas para verificar o
desempenho do método para pequenos tamanhos de amostra. Séries temporais
com variância dependente do tempo (volatilidade) têm sido estudadas por vários
autores em diferentes áreas da conhecimento. Aqui, em particular, a motivação
do estudo proposto em um problema real é modelar e prever variáveis da área
financeira, com atenção especial às variáveis de retorno de ativos que, em geral,
não preservam a propriedade de variância constante ao longo do tempo.

Palavras Chave: Analise de séries temporais, outliers aditivos, GARCH, M -
Quantile, regressão quant́ılica, parâmetros, robustez.



ABSTRACT

Financial time series have characteristics that distinguish them from other exis-
ting series, commonly known as stylized financial series facts. One of these cha-
racteristics is the presence of outliers in the series, which makes its modeling and
forecasting difficult. Additionally, these series have substantial sensitivity to po-
litical, social and economic decisions, generating an increase in their volatility.
This research has the goal to introduce the M quantile regression estimator, dis-
cussed in Breckling e Chambers (1988), as alternative approach to estimate the
parameters of the Generalized Autoregressive with conditional heterocestatic va-
riance (GARCH) process.It is well-know that the M -regression estimator is strong
against additive outliers, that is, it has the robustness property, and it has re-
cently been widely used to estimate linear time series with different correlation
structures, either in the time or frequency-domain. Simulation will be carried out
to verify the performance of the method for small sample sizes. Time series with
time-dependent variance (volatility) have been studied by several authors in dif-
ferent areas of applications. Here, in particular, the motivation of the proposed
study in a real-problem is to modelling and forecasting variables from financial
data area, with special attention to assets returns variables which, in general, do
not preserve the property of constant variance over time.

Keywords: Time series analysis, additive outliers, GARCH, M -Quantile,
quantile regression, parameters, robustness.
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1 INTRODUÇÃO

A análise de séries temporais financeiras é amplamente utilizada para estudar

dados coletados no mercado financeiro no tempo. Por exemplo, os retornos de

ativos no tempo t, geralmente calculados como rt = log(pt) − log(pt−1), onde

pt é o preço do ativo financeiro no tempo t. Devido à alta instabilidade que

enfrenta o mercado financeiro por conta de decisões econômicas, poĺıticas e sociais,

retornos diários de ativos financeiros oscilam fortemente. Portanto, defini-se esta

variabilidade a volatilidade dos retornos, que não é diretamente observável. Com o

propósito de modelar a volatilidade defini-se a variância condicional como medida

estat́ıstica da mesma, com o objetivo de obter informações precisas que possam

ajudar na previsão do comportamento futuro dos retornos do mercado financeiro.

Desde a crise de 2008, o interesse pelo cálculo da volatilidade e seu respectivo

uso na administração de riscos financeiros tem recebido crescente aumento entre

analistas e acadêmicos. A literatura oferece uma rica fonte de métodos para o

cálculo da volatilidade, com destaque para os métodos determińısticos, não deter-

mińıstios e de redes neurais.

Uma caracteŕıstica, ou fato estilizado, da volatilidade é que ela tende a

apresentar-se em grupos numa série financeira, formando clusters, levando-se a no-

tar um certo grau de dependência no tempo, de modo que é posśıvel recorrer-se ao

chamados modelos de heterocedasticidade condicionais, métodos determińısticos

que distiguem a variância condicional, que é variável no tempo e condicionada as

informações dispońıveis até o dado instante e a variância incondicional, que é cons-

tante em uma série observada. Esses modelos e suas extensões são amplamente

empregados em econometria e finanças, pois possuem propriedades que conseguem

explicar alguns fatos estilizados ou inerentes de séries temporais financeiras.

Um dos pioneiros e mais famosos estudos dessa classe de modelos foi En-

gle (1982), que propôs modelar e prever a variância condicional com os modelos

Autorregressivos de Heterocedasticidade Condicional (ARCH), introduzidos nesse

estudo. Uma generalização dos modelos ARCH foi proposta por Bollerslev (1986),

nomeados modelos Generalizados Autorregressivos de Heterocedasticidade Con-

dicional (GARCH), que são mais parcimoniosos no sentido de previsão do que

os modelos ARCH, e consequentemente, são mais empregados na literatura eco-
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nométrica e financeira.

Muitos métodos usados para estimar a volatilidade são baseados na suposição

de que os retornos possuem distribuição Gaussiana. Essa suposição, em geral,

torna o modelo menos flex́ıvel, no sentido de que não serão capazes de captu-

rar adequadamente a assimetria e as caudas pesadas que são caracteŕısticas de

séries temporais financeiras. A literatura oferece uma rica fonte de métodos pa-

ramétricos desse tipo. No entanto, conforme Koenker e Zhao (1996), não rara-

mente, a hipótese de normalidade da distribuição é violada, gerando discrepâncias

na volatilidade estimada. Recentemente, o método de regressão quant́ılica tem

recebido crescente atenção entre pesquisadores de diversas áreas, em particular

econometria e finanças, vide Koenker e Zhao (1996), Koenker e Xiao (2009) e Lee

e Noh (2013). A aplicação do método de regressão quantiĺıca possui vantagens

substanciais, como: (i) fornece informações sutis sobre a distribuição de erros. A

regressão quant́ılica ajuda na modelagem de distribuições condicionais, e o quantil

condicional estimado pode ser aplicado ao Value-at-Risk (VaR) condicional; (ii)

uma vez que os parâmetros de um modelo GARCH(p,q) é estimado, pode-se re-

alizar estudos mais refinados, como, por exemplo, uma análise de assimetria na

série; (iii) em casos de distribuições condicionais com caudas pesadas, a regressão

quant́ılica é substancialmente útil na realização de uma estimativa robusta.

Outra caracteŕıstica de séries temporais financeiras é que os retornos exibem

realizações at́ıpicas (outliers), o que pode afetar adversamente o desempenho da

estimativa e inferência projetada para as condições gaussianas. Isso é particu-

larmente verdadeiro para os modelos ARCH e GARCH estimados por Mı́nimos

Quadrados Ordinários (MQO) ou Máxima Verossimilhança (MV), que são muito

senśıveis a outliers. Conforme Carnero, Peña e Ruiz (2005), quando modelos hete-

rocedásticcos são ajustados em séries temporais reais, os reśıduos frequentemente

exibem excesso de curtose, que pode ser explicado, entre outros motivos, pela

presença de outliers.

Desde a década de 1970, tem sido dado atenção ao estudo de métodos no con-

texto de processos que contém outliers. Vários autores mostraram que a presença

de outliers pode deteriorar dramaticamente a modelagem de séries temporais. Por

exemplo, no padrão de estruturas de modelos Box-Jenkis, Ledolter (1989) mostrou

que as previsões de intervalo em modelos Autorregressivos Integrados de Médias
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Móveis (ARIMA) são consideravelmente senśıveis a outliers aditivos. Chang, Tiao

e Chung Chen (1988) e C. Chen e Liu (1993) mostraram que os parâmetros esti-

mados do modelo ARMA tornam-se mais tendenciosos quando os dados contém

outliers. Os impactos de outliers aditivos em modelos heterocedásticos foi estudado

em Carnero, Peña e Ruiz (2005), entre outros autores.

Como é bem discutido na literatura, os estimadores derivados do método M

de regressão, de Huber (1964), são abordagens alternativas robustas para obter es-

timativas dos parâmetros do modelo, mesmo em séries contaminadas por outliers

ou geradas por distribuições de probabilidade com caudas pesadas, veja por exem-

plo Bai, Rao e Y. H. Wu (1997), W. B. Wu (2007) e Li (2007). O uso do método

de regressão M em processos de memórias curta e longa estão bem documentados

nos artigos de Reisen e Fajardo (2012), Fajardo et al. (2016), entre outros.

O presente estudo tem o objetivo discutir os efeitos de outliers aditivos em

modelos heterocedásticos e propor um estimador que seja robusto, com especial

atenção ao modelo GARCH(p,q). Como é bem conhecido na literura, outliers

aditivos geram grandes impactos em modelos heterocedásticos, razão pela qual

esse tipo de outlier é considerado nessa pesquisa.

Os efeitos dos outliers aditivos nos parâmetros do modelo GARCH(p,q) foi

estudado pelos autores Franses e Ghijsels (1999), Mendes (2000), Carnero (2003),

Carnero, Peña e Ruiz (2005), entre outros. Os autores supracitados mostraram que

outliers aditivos podem distorcer substancialmente a estimativa dos parâmetros

dos modelos ARCH(q) e GARCH(p,q). Com o objetivo de discutir e exemplificar

esses efeitos, a seção seguinte apresenta o modelo ARCH(q) estimado pelo método

de MQO na presença de outliers aditivos.

1.1 EFEITOS DE OUTLIERS ADITIVOS NO MODELO

ARCH(q)

Seja uma sequência (εt)t∈Z estocástica, com E(εt) = 0 e E(ε4t ) < ∞. O

processo (εt)t∈Z é dito pertencer a classe de modelos Autorregressivos com Hetero-

cedasticidade Condicional, de ordem q ∈ N+, isto é, (εt)t∈Z é um modelo ARCH(q),

se satisfizer a seguinte equação
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εt = σtηt

σ2
t = α0 +

q∑
i=1

αiε
2
t−i,

(1)

onde αi, i = 1, ..., q são constantes não negativas, α0 é uma constante es-

tritamente positiva, σt > 0 e etat é uma sequência com média nula e variância

unitária.

Seja (εt)t∈Z uma série estacionária, com E(ε4t ) < ∞, contaminada por k

outliers, de magnitude ω no tempo τi, i = 1, ..., k. Então, a série observada é

representada por

zt =

{
εt + ω, se t = τi, i = 1, ..., k

εt, caso contrário
(2)

A autocorrelação do quadrado das observações da série contaminada na

equação (2) é estimada por

r(h) =

∑T
t=h+1 z

2
t z

2
t−h − T−h

T 2 (
∑T

t=1 z
2
t )2

∑T
t=1 z

4
t − T−1(

∑T
t=1 z

2
t )2

, (3)

com h > 0 a ordem de r(h) e T o tamanho da amostra. Então

lim
ω→∞

r(h) =

{
1− h

k(1− k
T
)
, se h < k

k
k−T , se h ≥ k

. (4)

Portanto, é posśıvel inferir que para um único outlier (k = 1), a função r(h)

sempre tende para zero quando ω → ∞, enquanto que para um grande conjunto

de k outliers a função r(h) é sempre positiva quando h < k e zero caso contrário.

Adicionalmente, para h < k e T suficientemente grande, as autocorrelações decaem

linearmente na presença de outliers. Assim, se um processo heterocedástico é con-

taminado por um único outlier, a detecção de heterocedasticidade torna-se dif́ıcil.

Por outro lado, quando um processo homocedástico é contaminado por vários ou-

tliers, as autocorrelações positivas geradas pelos outliers podem ser confundidas

com heterocedasticidade condicional.

Seja ααα = (α0, α1, ..., αq) o vetor de parâmetros do modelo ARCH(q) expresso

em (1). Seja α̂αα um estimador de ααα. Se ααα é estimado pelo método de MQO, então
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na presença de um único outlier aditivo, tem-se

lim
ω→∞

α̂ααMQO = lim
ω→∞

1

(T − 2q)ω4q

(
ω4q+2 + o(ω4q+2)

(−ω4q + o(ω4q))111

)

=

(
∞

− 1
(T−2q)111

)
, (5)

onde o(·) denota a ordem de convergência de uma sequência e 111 um vetor de um´s.

A equação (5) sugere que, se o tamanho da amostra é suficientemente grande e a

magnitude do outlier tende para o infinito, todos os parâmetros estimados tendem

para zero. A equação seguinte mostra o efeito de vários outliers em cada parâmetro

do modelo.

lim
ω→∞

α̂ααMQO
i =





∞, para i = 0
−2k2+(2k−q)(T−q)
−2k2+(2k−q+1)(T−q) , para i = 1

0 para i = 2, .., q − 1
−(T−q)

−2k2+(2k−q+1)(T−q) , para i = q

. (6)

A equação (6) sugere os parâmetros, α̂i, tendem para zero, exceto α̂1 e α̂q.

Se o número de outliers é grande em relação a ordem do modelo, então α̂1 tende

para um valor próximo de 1 e α̂q tende para zero.

Os efeitos de outliers aditivos no modelo ARCH(q) estimado por outros

métodos, como por exemplo Mı́nimos Quadrados Generalizados, Máxima Veros-

similhança e Quasi Máxima Verossimilhança são discutidos em Carnero (2003),

Carnero, Peña e Ruiz (2005), entre outros. Como esses métodos não possuem

solução fechada, os autores utilizaram resultados de simulação para a discussão.

2 PROBLEMA

O modelo GARCH(p,q) é extensamente utilizados no contexto financeiro.

Franses e Ghijsels (1999), Mendes (2000) e Carnero, Peña e Ruiz (2005) mostra-

ram que os parâmetros do modelo GARCH(p,q) estimado pelos métodos usuais

são extremamente senśıveis a outliers aditivos e podem ser substancialmente dis-
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torcidos nessa situação. De modo a mitigar esse problema faz-se necessário o uso

de um estimador robusto no modelo GARCH(p,q). Entretanto, pouca atenção foi

dada aos modelos GARCH(p,q) estimados por métodos robustos.

2.1 OBJETIVO GERAL

Propor um estimador robusto a outliers aditivos para os parâmetros do mo-

delo GARCH(p,q) e aplica-lo em problemas da área de econometria e finanças.

2.2 OBJETIVOS ESPECÍFICOS

1. Verificar o impacto de outliers aditivos nos parâmetros modelo GARCH(p,q),

estimado pelo método de Quasi Máxima Verossimilhança (QMV);

2. Realizar estudos simulados dos parâmetros do modelo GARCH utilizando o

estimador proposto baseado em M regressão quant́ılica;

3. Aplicar o modelo GARCH(p,q) robusto para analisar os retornos de dois

ı́ndices financeiros.

3 CONCEITOS ESTATÍSTICOS

Nesta seção são apresentados de forma sumarizada os conceitos estat́ısticos

e notações utilizadas no decorrer dessa dissertação. Para mais detalhes sobre os

conceitos básicos e processos heterocedásticos, vide Francq e Zakoian (2019).

3.1 CONCEITOS BÁSICOS

Definição 1. Um vetor aleatório é um vetor cujos elementos são variáveis

aleatórias. Se existirem X1, ..., Xp variáveis aleatórias em um vetor XXX, então o

vetor XXX é um vetor aleatório denotado por




X1

...

Xp


 . (7)
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O vetor transposto do vetor aleatório XXX é denotado por

XXX
′
= (X1, ..., Xp). (8)

Definição 2. Seja XXX um vetor aleatório. O vetor µµµ = E(XXX) é chamado de

vetor de médias do vetor XXX
′
= (X1, ..., Xp) definido por

E(XXX) =




E(X1)
...

E(Xp)


 =




µ1

...

µp


 = µµµ, (9)

onde E(Xi), i = 1, ..., p é a esperança da variável Xi, i = 1, ..., p.

Definição 3. A variância do i-ésimo componente do vetorXXX é denotado por

V AR(Xi) = σi = σii, i = 1, .., p e sua representação matricial é:

Σ = E(XXX − µµµ)(XXX − µµµ)
′

E




(X1 − µ1)
...

(Xp − µp)



(
X1 − µ1, ..., Xp − µp

)
(10)




E(X1 − µ1)
2 E(X1 − µ1)(X2 − µ2) · · · E(X1 − µ1)(Xp − µp)

...
...

. . .
...

E(Xp − µp)(X1 − µ1) E(Xp − µp)(X2 − µ2) · · · E(Xp − µp)
2




3.2 O MODELO GARCH

O modelo GARCH(p,q) é um importante modelo da teoria de séries tempo-

rais para o cálculo da volatilidade de dados. Nessa seção, o modelo GARCH é

apresentado de forma sumarizada. Mais detalhes podem ser encontrados na parte

I do livro de Francq e Zakoian (2019).

Seja uma sequência (εt)t∈Z estocástica, com E(εt) = 0 e E(ε4t ) <∞. O pro-

cesso (εt)t∈Z é dito pertencer a classe de modelos Autorregressivos Generalizados

com Heterocedasticidade Condicional, de ordem p, q ∈ N+, isto é, (εt)t∈Z é um

modelo GARCH(p,q), se satisfizer a seguinte equação
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εt = σtηt

σ2
t = α0 +

q∑
i=1

αiε
2
t−i +

p∑
j=1

βjσ
2
t−j,

(11)

onde αi, βj são constantes não negativas, α0 é uma constante estritamente positiva

e σt > 0. Adicionalmente (ηt)t∈Z é uma sequência estocástica com média zero e

variância unitária. Se os parâmetros do modelo GARCH(p,q) satisfazem
∑q

i=1 αi+∑q
j=1 βj < 1, então o processo é estritamente estacionário e tem solução única.

Veja Teorema 2.5 em Francq e Zakoian (2019). O modelo (11) foi introduzido

na literatura por Bollerslev (1986) e desde então tem sido amplamente utilizado

na literatura econométrica, financeira, entre outras. Por exemplo, no contexto da

área de poluição do ar, pode-se citar Monte, Albuquerque e Reisen (2015) e Reisen,

Sarnaglia et al. (2014).

4 MEDIDAS DE DESEMPENHO

As medidas de Erro Quadrático Médio (EQM), v́ıcio e desvio padrão são

importantes para avaliar a qualidade e performace de um estimador.

Definição 4. O erro quadrático médio de um estimador θ̂ do parâmetro θ é

dado por:

EQM(θ̂) = E(θ̂ − θ)2. (12)

Definição 5. Um estimador θ̂ é dito ser não viciado para θ se:

E(θ̂) = θ (13)

Então, tem-se que

EQM(θ̂) = V AR(θ̂) (14)

Definição 6. O desvio padrão de um estimador θ̂ de θ é definido como

σ =

√
V AR(θ̂) (15)
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5 MATERIAIS E MÉTODOS

5.1 DADOS

O presente trabalho foi realizado com os retornos de dois ı́ndices financeiros

Coreanos, o Índice Composto de Preços de Ações da Coreia (KOSPI) e o ı̀ndice de

Cotação Corretores de Valores Mobiliários Coreanos Automatizados (KOSDAQ).

As observações de cada série está entre o peŕıodo de 2 de janeiro de 2004 e 29

de agosto de 2008. A escolha desse conjunto de dados foi motivada pelo fato de

tornar posśıvel uma comparação com entre o método porposto neste trabalho e o

método proposto em Lee e Noh (2013).

5.2 SOFTWARE ESTATÍSTICO

A metodologia proposta e toda análise efetuada foi realizada por meio do

Software R. O R possui um grande número de procedimentos estat́ısticos con-

vencionais, entre eles estão os modelos lineares, modelos de regressão não linear,

análise de séries temporais, testes estat́ısticos paramétricos e não paramétricos,

análise multivariada, entre outros. Possui uma grande quantidade de funções para

o desenvolvimento de ambiente gráfico e criação de diversos tipos de apresentação

de dados, vide Reisen e Silva (2011).

6 RESULTADOS

Anexado ao presente trabalho econtra-se o artigo resultado desta dissertação.
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Abstract

This research has the goal to introduce the M-regression estimator as alter-
native approach to estimate the parameters of the Generalized Autoregressive
with conditional heterocestatic variance (GARCH) process. It is well-know
that the M-regression estimator is strong against additive outliers, that is, it
has the robustness property, and it has recently been widely used to estimate
linear time series with different correlation structures, either in the time or
frequency-domain. Simulation will be carried out to verify the performance
of the method for small sample sizes. Time series with time-dependent vari-
ance (volatility) have been studied by several authors in different areas of
applications. Here, in particular, the motivation of the proposed study in
a real-problem is to modelling and forecasting variables from financial data
area, with special attention to assets returns variables which, in general, do
not preserve the property of constant variance over time.

Keywords: Volatility, Robustness, GARCH, M-Quantile.

1 Introduction

Since the 1970s, attention has been paid to the study of methods in the context
of processes that contain atypical observations (outliers) among other particulari-
ties. In the case of the effect of outliers in estimating time series models, several
authors have showed that the presence of outliers can dramatically deteriorate the
modeling of time series. For example, in the standard structure of Box-Jenkis mod-
els, Ledolter (1989) showed that the range predictions in Integrated Autoregressive
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Moving Averages (ARIMA) models are considerably sensitive to additive outliers.
Chang, Tiao, and Chung Chen (1988) and C. Chen and Liu (1993) showed that
the estimated parameters of the ARMA model become biased when the data con-
tains outliers. For time series with different correlation structures, see, for example,
Reisen, Lévy-Leduc, and Taqqu (2017), Fajardo, Reisen, and Lévy-Leduc (2018)
and Sarnaglia et al. (2021).

As is well discussed in the literature, the estimators derived from the M regression
method, from Huber (1964), are robust alternative approaches to obtain estimates
of the model parameters, even in series contaminated by outliers or generated by
probability distributions with heavy tails, see for example Bai, Rao, and Y. H.
Wu (1997), W. B. Wu (2007) and Li (2008). The use of the M regression method in
short and long memory processes is well documented, see Reisen and Fajardo (2012),
Fajardo, Reisen, Lévy-Leduc, et al. (2016), among others.

The effects of additive outliers on the estimates of the parameters of the GARCH
(p,q) model were recently studied by Franses and Ghijsels (1999), Mendes (2000),
Carnero (2003), Carnero, Peña, and Ruiz (2005) among others. In general, they
show that additive outliers can substantially distort the estimation of the parameters
of the ARCH (q) and GARCH (p, q) models in the same way as in the standard
linear time series models. Since this reasearch is concentrated on the model with
conditional heterocedascity, in what follows the popular GARCH(p,q) model, which
holds this property, is defined.

A thorough search of the relevant literature on robust estimation in heteroscedas-
tic processes indicates that there are not much articles devoted to this topic. For the
best knowledge of the authors, the most recent literature on the subject are Muler
and Yohai (2008), Carnero, Peña, and Ruiz (2012) and Iqbal (2013). Therefore, to
fill part of this gap in this research area, this study proposes the use of a quantile
M-regression to estimate the parameters of the GARCH(p,q) model.

The contributions of this study be mainly follows these lines: (1) To propose
an alternative estimation method based on M quantile regression to estimate the
parameters of a GARCH(p,q) model, here denoted by MQGARCH(p,q); (2) To
perform simulation study to verify the performance of the estimator in small samples
of time series with and without additive outliers and to verify the usefulness of the
estimator in a real problem, for examples, with financial index returns observed from
Financial Time Series area.

2 The GARCH Model

Let (εt)t∈Z be a process satisfying E(εt) = 0 and E(ε4t ) <∞. (εt)t∈Z is said to belong
to the class of Generalized Auto-regressive models with Conditional Heteroscedas-
ticity, of order p, q ∈ N+, that is, (εt)t∈Z is a GARCH (p, q) model, if it satisfies the
following equation 




εt = σtηt

σ2
t = α0 +

q∑
i=1

αiε
2
t +

p∑
j=1

βjσ
2
t ,

(1)

where αi, βj are non-negative constants, α0 is a strictly positive constant and σt > 0.
Additionally (ηt)t∈Z is a stochastic sequence with zero mean and unit variance.

If the parameters of the GARCH(p,q) model satisfy
∑q

i=1 αi +
∑p

j=1 βj < 1, the
process in (1) is strictly stationary and has a unique solution. See, for example,
Theorem 2.5 in Francq and Zakoian (2019). The model (1) was introduced in the
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literature by Bollerslev (1986) and since then it has been widely used in several areas
of knowledge, such as in Econometrics, Finance and Air Quality. For Air Quality
area, see, for example, Reisen, Sarnaglia, et al. (2014) and Monte, Albuquerque, and
Reisen (2015).

The GARCH(p,q) model was introduced as an extension of the Auto-regressive
model with Conditional Heteroscedasticity, ARCH (q), initially proposed by En-
gle (1982), which is defined as the model (1) with the parameters βj, j = 1, ..., p
nulls.

The ARMA (r, p) representation of the GARCH (p, q) model, where r =
max(p, q), is given as follows

ε2t = α0 + vt +
r∑

i=1

(ai + βi)ε
2
t −

p∑

j=1

βjvt, (2)

with the αi = 0 (βj = 0) convention if i > q (j > p). The noise, vt = ε2t − σ2
t ,

is a non-correlated sequence with zero mean, not independent and not Gaussian.
More details can be found on page 665 of Hamilton (1994). The representation
in (2) is widely used to estimate the parameter of GARCH(p,q) model, because is
more convenience mathematically. To estimate the GARCH models (p, q) there are
several methods in the literature, with emphasis on Ordinary Least Squares (OLS),
Generalized Least Squares (GLS), Maximun Likelihood (ML) and Quasi Maximun
Likelihood (QML). Details can be found in part II of the book Francq and Za-
koian (2019). In many cases, in addition to representation (2), the GARCH(p,q)
model can be represented by a ARCH(∞) model. This because a ARCH represen-
tation have the follows asymptotic properties well-defined.

Let ααα be the ARCH (q) model q + 1 dimension vector and α̂̂α̂α the ααα estimator .
Asymptotic Properties of Estimators.
Under certain conditions, the properties of the OLS, GLS, ML, QML estimators

have the following asymptotic properties.

OLS :
√
T (α̂ααOLS −ααα)

d−→ N(0,Σ−1
XXΣXΩXXX

−1),

where T is the sample size, X is an array of observations from the process

(ε2t )t∈Z , ΣXX = p lim XX
T

, and ΣXΩX = p lim X
′
V V
′
X

T
, with V a process

matrix (vt)t∈Z e Ω = diag(σ4
p+1, σ

4
p+2, ..., σ

4
T ) (Engle (1982)).

GLS :
√
T (α̂ααGLS −ααα)

d−→ N(0,Σ−1
Ω ),

with ΣΩ = p lim X
′
ΩX
T

. (Bose and Mukherjee (2003))

ML :
√
T (α̂ααML −ααα)

d−→ N(0, [I(ααα)]−1),

where I(α) = E[− ∂2L
∂ααα∂ααα′

] is an array of information and L a log-likelihood
function. (Ling and McAleer (2003)).

QML : √
T (α̂ααQMV −ααα)

d−→ N(0, (κη − 1)J−1),

where κη = E(η4
t ), J := E(∂lt(α0)

∂ααα∂ααα
′ ) , with lt =

ε2t
σ2
t

+ log(σ2
t ) (Weiss (1986) and

Berkes, Hovath, and Kokoszka (2003)).
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3 The M-Quantile Estimator

This section is dedicated to the presentation, in a summarized form, of the main theo-
retical properties of the regression estimator M, initially proposed by Huber (1964).
Additionally, the adaptation of this method is presented in the context of quan-
tile regression, proposed by Breckling and Chambers (1988). This method has, so
far, been used in linear time series models. As a scientific contribution, the M-
Quantile estimation method is adapted for GARCH(p, q) models, in particular for
the GARCH(1,1) model.

Some of the results presented here are widely discussed in the literature, see for
example Weiss (1986), Berkes, Hovath, and Kokoszka (2003), Iqbal and Mukher-
jee (2007) and Mukherjee (2008).

Let θθθ = (α0 α1 · · · αq β1 · · · βp)′ o vector of unknown parameters of the GARCH
(p,q) model defined in the equation (1).

Let g be any function with finite derivatives. Then ġ and g̈ denote the first and
second derivatives of g, respectively.

Let ψ : R → R be an odd function, that is, ψ(−x) = −ψ(x),∀x ∈ R − {0},
differentiable in almost the entire set of points. Let D ⊂ R be the set of points
where ψ is differentiable and D its complement. Let H(x) := xψ(x) with x ∈ R.
Note that H(−x) = H(x),∀x. The H function will be called the scoring function
for regression M. As an example, the scoring function of Huber (1964) is described
below. Let ψ(x) = xI(|x| ≤ k) + ksign(x)I(|x| > k), where k > 0 is known. So
D = {−k, k} and H(x) = x2I(|x| ≤ k) + k|x|I(|x| > k). Next, the estimator M
is defined. In this work the ψ function is the Huber function according to work
Huber (1964), because the Huber function is robust in the presence of outliers.

Recalling that in a rental model, an M estimator is defined as the solution to
a certain system of equations involving residual functions. To follow the same ap-
proach, we first discuss the concept of the variance function. Assume that for some
κ ≥ 0, you have E(|η| < ∞). So from Lemma 2.3 and Theorem 2.1 presented
in Berkes, Hovath, and Kokoszka (2003), σ2

t em (1) has the almost certain unique
representation

σ2
t = c0 +

∞∑

j=1

cjε
2
t−j; t ∈ Z (3)

where cj, j = 1, .. satisfies the non-negativity condition. For more details and
conditions, see Berkes, Hovath, and Kokoszka (2003).

Note. The representation given in (3) is widely used to obtain estimators of the
GARCH(p,q) model in univariate and multivariate cases. For example, according
to Hu and Tsay (2014), the equation (3) in the multivariate context can be written
as follows. Let εεεt = (ε1t, ε2t, ..., εkt)

′
a weakly stationary k-dimensional time series

with null Mean and fourth finite moment. Let Ft−1 = σ(εεεt−1, εεεt−2, ...) a field of
information available at time t − 1. The volatility matrix ΣΣΣt of εεεt is defined as
Cov(εtεtεt|Ft−1) = E(εtεtεtε

′
tε
′
tε
′
t|Ft−1).

vec(ΣΣΣt) = CCC0 +
∞∑

i=1

CCCivec(εεεt−iεεε
′
t−i), (4)

where vec(MMM) denotes a stacking array of columns in the arrayMMM , CCC0 is a vector
of constants k2 -dimensional and CCCi are constant arrays of dimension k2 × k2 for
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i > 0. The arrays CCCi and CCC0 satisfy conditions that guarantee that ΣΣΣt is positively
defined for every t . Therefore, the equation (3) is a particular case of (4).

Let Θ be a compact subset of (0,∞)1+q × (0.1)p. Define Vt(θθθ) as a conditional
variance function of (εt)t∈Z in Θ. Then, under the conditions presented in Mukher-
jee (2008), Vt(θθθ) can be represented as

Vt(θθθ) = c0(θθθ) +
∞∑

j=1

cj(θθθ)ε
2
t−j, θθθ ∈ Θ, t ∈ Z, (5)

where cj(θθθ), j ≥ 0 satisfies the non-negativity condition. In particular, you
can use the model (5) to estimate a GARCH(1,1) model, where c0(θθθ) = α0

1−β1 e

cj(θθθ) = α1β
j−1
1 . More details and examples are discussed in Berkes, Hovath, and

Kokoszka (2003).

Let ε1, ε2, ..., εn be a set of observations of the process in (1). Then a ( ˜Vt(θθθ))t∈Z
approximation of the (Vt(θθθ))t∈Z process is given by

Ṽt(θθθ) = c0(θθθ) + I(2 ≤ t)
n−1∑

j=1

cj(θθθ)ε
2
t−j, θθθ ∈ Θ,

So the θθθ estimator, defined as θ̂θθn, is the solution of

n∑

t=1

1

2
[1−H(

εt

Ṽ
1
2
t (θθθ)

)]
˙̃V t(θθθ)

Ṽt(θθθ)
= 0. (6)

Under conditions presented in Mukherjee (2008),

√
n(θ̂θθn − θθθ)→ N(0, σ2(H)G−1),

where G = E(
V̇ t(θθθ)V̇

′
t(θθθ)

V 2
t (θθθ)

).

According to Breckling and Chambers (1988), a φ function, in an M-Quantile
context, can be written as

φτ (x) =

{
(1− τ)ψ(x), (x < 0)
τψ(x), otherwise,

(7)

where 0 < τ < 1 and ψ(x) defined earlier. As an example the function ψ(x)
proposed by Huber (1964), in this context, is written as

φτ (x) =





−(1− τ)k, if x < −k,
(1− τ)x, if − k ≤ x < 0,
τx, if 0 ≤ x < k,
τk, if k ≤ x.

(8)

Therefore, considering the estimator of θ̂θθn in the expression (6), you must define
a function H(x) = xφτ (x) at point x = εt

Ṽt(θθθ)
1
2

. So, there is

H(
εt

Ṽt(θθθ)
1
2

)φτ (
εt

Ṽt(θθθ)
1
2

) =





−(1− τ)k( εt

Ṽt(θθθ)
1
2

), if εt

Ṽt(θθθ)
1
2
< −k,

(1− τ)( εt

Ṽt(θθθ)
1
2

)2, ifk ≤ εt

Ṽt(θθθ)
1
2
< 0,

τ( εt

Ṽt(θθθ)
1
2

)2, if 0 ≤ εt

Ṽt(θθθ)
1
2
< k,

τk( εt

Ṽt(θθθ)
1
2

), if k ≤ εt

Ṽt(θθθ)
1
2
.

(9)
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4 Simulated Study

The purpose of this section is to evaluate, through various Monte Carlo exper-
iments, the effects of additive outliers on the model´s parameters GARCH(1,1)
and MQGARCH(1,1. Additionally, the performance of the proposed robust model,
MQGARCH(1,1), and the classic GARCH(1,1) model, estimated by ML, are also
investigated. As measures of parameter performance, the mean, standard deviation
(Std. Deviation), bias and mean squared error (MSE) were used.

Let (εt)t∈Z be the process generated by the equation (1), with p = q = 1, that
is, (εt)t∈Z follows a GARCH(1,1) model. Let (ηt)t∈Z be a sequence with zero mean,
unit variance and Gaussian distribution. Consider that the series of interest, (εt)t∈Z,
stationary and with a finite fourth moment, is contaminated in time t∗ by an additive
outlier of magnitude ω. The observed series is given by

(zt)t∈Z =

{
εt + ω, if t = t∗

εt, otherwise,
(10)

The contaminated process (zt)t∈Z was simulated according to the equation (10).
The probability of an outlier occurring in time t is p = 0.01 and, without loss of
generality, the magnitude of the outlier is assumed to be ω = 4σ. More details and
other methods for including outliers in time series can be found at Carnero (2003),
Carnero, Peña, and Ruiz (2005), among others.

For the experiment, 500 (zt)t∈Z processes of size n = 100 each were generated.
Additionally, 4 sets of parameters were considered to generate the process (zt)t∈Z
according to the equation (1), namely: C1 = ( α0 = 0.5 α1 = 0.4 β1 = 0.4), C2
= (α0 = 0.5 α1 = 0.2 β1 = 0.6), C3 = (α0 = 0.1 α1 = 0.1 β1 = 0.8) and C4 =
(α0 = 0.1 α1 = 0.05 β1 = 0.9).

In the context of the MQGARCH(1,1) model, k = 1.5 was considered, in the
scoring function of the equation (9), conform simulations in Mukherjee (2008). Ad-
ditionally, this model was estimated at the quantile τ = 0.5. For this reason, the
GARCH(1,1) and MQGARCH(1,1) models are expected to have similar parameter
values when (zt)t∈Z ≡ (εt)t∈Z. It is also expected that the MQGARCH(1,1) model
will have reasonable estimates considering the process (zt)t∈Z generated according
to parameters C1-C3, as they satisfy stationarity conditions. For the C4 set, which
is very close to not satisfying the stationarity conditions, that is α1 + β1 = 0.95
(próximo de 1), it is expected that the proposed model does not provide good esti-
mates.

The items (a) and (b) of the table (1) shows the performance measures of the
parameters of the GARCH(1,1) model with and without additive outliers, respec-
tively, where (zt)t∈Z are generated according to C1-C4. As can be seen, the empirical
results are in line with the results of Section 5 of Carnero, Peña, and Ruiz (2005).
In particular, the parameter most affected by the presence of outliers was the α̂1

parameter what can be explained by the fact that the contamination is given di-
rectly in the (εt)t∈Z process. In this case, the the parameter of the ARCH effect (α̂1)
tends to decrease in the presence of additive outliers (see table (3)), as exposed in
the mentioned study.

The results of item (a) of the table (2) show the performance measures of the
parameters of the MQGARCH(1,1) model, where (zt)t∈Z ≡ (εt)t∈Z are generated
according to C1-C4. As mentioned earlier, in this case, the behavior of the proposed
model is very close to that of the classic GARCH(1,1) model, which can be explained
by the fact that both are estimated close to the center of symmetry of the conditional
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data distribution.
The item (b) of the table (2), where the results are shown for the MQGARCH(1,1)

model shows a high accuracy when compared with the item (b) of the table (1). The
behavior of the MQGARCH(1,1) model, in this case, is substantially different from
GARCH(1,1). Additionally, the M-quantile estimator provided to be more robust in
terms of Bias and MSE quantities when the process is contaminated, what suggest
that the M-quantile estimator is more efficient and accurate than the QML method
widely used in econometrics and finance. In order to corroborate with the previous
arguments, the percentage variability of the performance measures of the models
estimated before and after contamination by additive outliers is reported in items
(a) and (b) of the table (3).
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Table 1: Mean, Std. Deviation, Bias and MSE of the estimated parameters of the GARCH(1,1) model

((a)) Without Outliers

N(0.1)
100 observations and 500 repetitions

Mean Std. Deviation Bias MSE

α0 = 0.5 α1 = 0.4 β1 = 0.4
α̂0 0.6237 0.3611 0.1237 0.1304
α̂1 0.4074 0.1890 0.0074 0.0357

β̂1 0.3460 0.2227 0.0539 0.0494
α0 = 0.5 α1 = 0.2 β1 = 0.6

α̂0 0.6994 0.5312 0.1994 0.2822
α̂1 0.2035 0.1289 0.0035 0.0192

β̂1 0.5116 0.2879 0.0883 0.0829
α0 = 0.1 α1 = 0.1 β1 = 0.8

α̂0 0.2131 0.2207 0.1131 0.0496
α̂1 0.1059 0.1007 0.0059 0.0101

β̂1 0.6807 0.2714 0.1192 0.0737
α0 = 0.1 α1 = 0.05 β1 = 0.9

α̂0 0.3780 0.4820 0.2780 0.2323
α̂1 0.0606 0.0848 0.0106 0.0072

β̂1 0.7537 0.2756 0.1462 0.0759

((b)) Outliers: Probability 1 % and magnitude ω = 4σ

N(0.1)
100 observations and 500 repetitions

Mean Std. Deviation Bias MSE

α0 = 0.5 α1 = 0.4 β1 = 0.4
α̂0 0.6196 0.5085 0.1196 0.2586
α̂1 0.3223 0.2373 0.0776 0.0563

β̂1 0.4618 0.3080 0.0618 0.0948
α0 = 0.5 α1 = 0.2 β1 = 0.6

α̂0 0.6698 0.5521 0.1698 0.3103
α̂1 0.1866 0.1506 0.0133 0.0226

β̂1 0.5629 0.2887 0.0370 0.0833
α0 = 0.1 α1 = 0.1 β1 = 0.8

α̂0 0.2149 0.2534 0.1149 0.0642
α̂1 0.1099 0.1516 0.0099 0.0230

β̂1 0.7124 0.2740 0.0912 0.0751
α0 = 0.1 α1 = 0.05 β1 = 0.9

α̂0 0.4235 0.5160 0.3235 0.2662
α̂1 0.0689 0.1124 0.0189 0.0126

β̂1 0.7377 0.2864 0.1622 0.0820
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Table 2: Mean, Std. Deviation, Bias and MSE of the parameters of the MQGARCH(1,1) model, with τ = 0.5

((a)) Without Outliers

N(0.1)
100 observations and 500 repetitions

Mean Std. Deviation Bias MSE

α0 = 0.5 α1 = 0.4 β1 = 0.4
α̂0 0.5981 0.2872 0.1840 0.1113
α̂1 0.3971 0.1276 0.0080 0.0167

β̂1 0.4101 0.2056 0.0123 0.0575
α0 = 0.5 α1 = 0.2 β1 = 0.6

α̂0 0.6704 0.4863 0.1947 0.2034
α̂1 0.2021 0.1009 0.0091 0.0102

β̂1 0.5478 0.2531 0.0169 0.0643
α0 = 0.1 α1 = 0.1 β1 = 0.8

α̂0 0.2092 0.2146 0.1014 0.0875
α̂1 0.1045 0.1099 0.0085 0.0101

β̂1 0.7441 0.2152 0.0395 0.0478
α0 = 0.1 α1 = 0.05 β1 = 0.9

α̂0 0.2909 0.5002 0.2669 0.2501
α̂1 0.0605 0.0747 0.0494 0.0080

β̂1 0.8212 0.2364 0.1000 0.0654

((b)) Outliers: Probability 1 % and magnitude ω = 4σ

N(0.1)
100 observations and 500 repetitions

Mean Std. Deviation Bias MSE

α0 = 0.5 α1 = 0.4 β1 = 0.4
α̂0 0.6003 0.2468 0.1089 0.1452
α̂1 0.3922 0.1263 0.0189 0.0172

β̂1 0.4219 0.2451 0.0137 0.0789
α0 = 0.5 α1 = 0.2 β1 = 0.6

α̂0 0.6713 0.4063 0.1678 0.2274
α̂1 0.1999 0.1177 0.0112 0.0102

β̂1 0.5507 0.2109 0.0321 0.0656
α0 = 0.1 α1 = 0.1 β1 = 0.8

α̂0 0.2108 0.2252 0.1043 0.0691
α̂1 0.1001 0.1324 0.0107 0.0109

β̂1 0.7807 0.2073 0.0473 0.0562
α0 = 0.1 α1 = 0.05 β1 = 0.9

α̂0 0.3112 0.4524 0.2410 0.2794
α̂1 0.0654 0.1095 0.0548 0.0081

β̂1 0.8476 0.2351 0.1007 0.0659
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Table 3: Percentage change variation of the Mean, Std. Deviation, Bias and MSE of the parameters of the GARCH(1,1) and MQGARCH(1,1)
models before and after contamination

((a)) GARCH(1,1)

N(0, 1)
Percentage change

Mean Std. Deviation Bias MSE

α0 = 0.5 α1 = 0.4 β1 = 0.4
α̂0 -0.6573 40.8197 -3.3144 98.3128
α̂1 -0.2088 25.5555 948.6486 57.7030

β̂1 33.4682 38.3026 14.6567 91.9028
α0 = 0.5 α1 = 0.2 β1 = 0.6

α̂0 -4.2321 3.9344 -14.8445 9.8866
α̂1 -8.3046 16.8347 280.0000 17.7083

β̂1 10.0273 0.2778 -58.0973 6.5138
α0 = 0.1 α1 = 0.1 β1 = 0.8

α̂0 0.8446 14.8164 1.5915 29.4353
α̂1 -3.7771 50.5461 67.7966 127.7277

β̂1 4.6569 0.9579 23.4899 1.8995
α0 = 0.1 α1 = 0.05 β1 = 0.9

α̂0 12.0370 7.0539 16.3669 14.5931
α̂1 13.6963 32.7431 78.3018 75.0000

β̂1 -2.1228 3.9187 10.9439 8.0368

((b)) MQGARCH(1,1), τ = 0.5

N(0, 1)
Percentage change

Mean Std. Deviation Bias MSE

α0 = 0.5 α1 = 0.4 β1 = 0.4
α̂0 0.3678 -14.0668 -1.0188 30.4582
α̂1 -1.2339 14.6551 136.25 2.9940

β̂1 2.8773 19.2120 11.3821 37.2172
α0 = 0.5 α1 = 0.2 β1 = 0.6

α̂0 0.1342 -16.4517 -13.8161 11.7994
α̂1 -0.2200 16.6501 23.0769 0.0000

β̂1 0.5293 -16.6732 89.9408 2.0217
α0 = 0.1 α1 = 0.1 β1 = 0.8

α̂0 0.7648 4.9394 2.8599 -21.0285
α̂1 -4.2105 20.4731 25.8823 7.9207

β̂1 4.9186 -3.6710 19.7468 17.5732
α0 = 0.1 α1 = 0.05 β1 = 0.9

α̂0 6.9783 -9.5561 -9.7040 11.4408
α̂1 8.0991 46.5863 10.9311 1.2500

β̂1 2.1679 -0.5499 0.7000 0.7665
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5 Real Data Application

In this section, we analyzed the daily returns of two Korean financial indices, the
Korea Composite Price Index (KOSPI) and the Automated Korean Securities Price
Index (KOSDAQ). 1155 observations were considered in each series between the
period from January 2, 2004 to August 29, 2008. Let pt be the price of the financial
index in time t and rt the log return defined as rt = log pt

pt−1
100. It is assumed that rt

follows a GARCH process according to the definition given in (1), where p = q = 1,
that is, a GARCH(1,1) model.

Table 4: Descriptive statistics of the logarithm of the daily returns of the financial
indexes (KOSPI and KOSDAQ)

KOSPI KOSDAQ
Mean 0.0219 0.0015

Std. Deviation 0.5743 0.6149
Maximum 2.4032 2.9965
Minimum -3,172 -4.6586

Asymmetry -0.5004 -1.4592
Kurtosis 1.9523 8.2567

A statistical summary of the data can be seen in the table (4). The series
from the period from January 2, 2004 to August 31, 2007 was used to estimate
the parameters of the MQGARCH(1,1) model and the series for the next twelve
months was considered as a post-sample. The temporal behaviour of both series is
shown in the figure (1). As previously discussed, there are possible outliers in both

Figure 1: Temporal behavior of log-returns of KOSPI and KOSDAQ series

series, conform the figure (2), which is usual phenomenon in financial time series.
The KOSDAQ series have outliers of large magnitude compared with KOSPI series.
Than, as shown in the Section 4 this study, is expected that the QML method
be less efficient and accurate than MQ method for estimated the parameters of
GARCH(1,1) model.

The tables (5) and (6) list the parameter estimates of the GARCH(1,1) model
obtained based on the method QML estimator and the M-Quantile estimator, re-
spectively. In the Table (6), it is noted that for the KOSPI series, the quantile
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Figure 2: Boxplot of log-returns of KOSPI and KOSDAQ series

regression estimates from α1 to τ < 0.55 tend to be higher than those for τ > 0.55.
This fact suggests the presence of asymmetry in the KOSPI series, which is in line
with the results discussed in Lee and Noh (2013).

Table 5: GARCH model parameters (1,1) estimated by the QML method

α̂0 α̂1 β̂1

KOSPI 0.0088 0.0859 0.8876
KOSDAQ 0.0541 0.3207 0.5676

Table 6: Parameters of the MQGARCH(1,1) model estimated at different quantiles

τ 0.01 0.05 0.25 0.45 0.55 0.75 0.95 0.99
KOSPI
α̂0 0.4194 0.1333 0.0791 0.0568 0.0314 0.0022 0.0108 0.0445
α̂1 0.0233 0.0084 0.0089 0.0192 0.0126 0.0059 0.0066 0.0071

β̂1 0.4343 0.9864 0.9902 0.9135 0.8969 0.6650 0.4936 0.5644

KOSDAQ
α̂0 0.7381 0.5011 0.1773 0.0800 0.0475 0.0242 0.0317 0.1240
α̂1 0.0211 0.0309 0.0334 0.0292 0.0375 0.0356 0.0207 0.0591

β̂1 0.7407 0.9495 0.8800 0.7062 0.6581 0.5180 0.4810 0.5223

Heteroscedastic models based on the quantile regression method make it possible
to directly estimate the Value-at-risk (VaR), widely used in econometric literature
for the management of financial risks. This is because estimating VaR is explicitly
a problem in estimating conditional quantiles. The following definition of VaR can
be found at Gouriéroux and Jasiak (2001) and Franke, Härdle, and Hafner (2004).

Definition. The (1 − τ)-quantile of the conditional loss distribution is called
VaR at the τ level:

V aRt,h(τ) := inf{x ∈ R|Pt[Lt,t+h ≤ x] ≥ 1− τ}, (11)

where τ ∈ (0.1), Pt is the conditional probability given the information available
at time t, and Lt,t+h = −∑d

i=1 aipi,t(e
ri,t,t+h − 1) denotes the loss of a portfolio of d

shares, with ai the number of shares i in the portfolio, pi,t the share price i in time t
and ri,t,t+h the log return in a horizon h given by log(pi,t+h)− log(pi,t). In particular,
V aRt,h(τ) is a decreasing function of τ . Given σt as defined in (1), according to
Francq and Zakoian (2019) the V aRt,h(τ) can be calculated as

V aRt,h(τ) = mt,t+h + σt,t+hF
−1
η (1− τ), (12)
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where mt,t+h = E(Lt,t+h), σ
2
t,t+h is the conditional volatility of Lt,t+h and F−1

η (·)
denotes the conditional quantile of the variable η. Therefore, the MQGARCH(1,1)
model, the main subject of this article, has a substantial advantage in estimating
VaR.

VaR based on the MQGARCH(1,1) model for the KOSPI and KOSDAQ series
are presented in the tables (7) and (8). In the Table (7) the VaR´s of the returns
in the training sample are reported. A significantly difference between the truth
quantile and the estimated is not observed.

Table 7: Proportion of returns in the training sample below estimated conditional
quantiles

τ 0.01 0.05 0.95 0.99
KOSPI 0.0000 0.0876 0.9270 0.9804

KOSDAQ 0.0000 0.1344 0.9573 0.9793

In the case of the post-sample, VaR was predicted to be one step ahead, where the
parameters are obtained based on the previously defined training sample. The table
(8) lists the results of the predictions made using the quantiles τ ∈ {0.01, 0.05, 0.95, 0.99}.
It is noted that the proportions of returns in the post-sample below the expected
quantiles do not exhibit a significant deviation of τ in the KOSPI and KOSDAQ
series, which is in line with the results of Section 4.2 of Lee and Noh (2013), sug-
gesting that the GARCH(1,1) model based on the M-Quantile method can also be
used to calculate the VaR of returns on financial assets.

Table 8: Proportion of returns in the post-sample below the predicted conditional
quantiles

τ 0.01 0.05 0.95 0.99
KOSPI 0.0000 0.0227 0.9530 0.9857

KOSDAQ 0.0000 0.0353 0.9521 0.9842

Note. There are other methods to calculate VaR, in addition to the one illus-
trated in the equation (12). However, Lee and Noh (2013) mention that methods
based on the GARCH model perform better in the sense of forecasting.

6 Conclusions

This article proposed a robust estimator for additive outliers for the GARCH(1,1)
model based on the M quantile regression method, that is, the MQGARCH(1,1)
model. In addition, the MQGARCH(1,1) was used to measure the risk of returns
on financial asset price indices, which helps in investment decisions. The article
considers the effects of additive outliers on the parameters of a GARCH(1,1) model
and their implications for the analysis and interpretations of these models.

A stylized fact about Financial Time Series is that the series have aberrant or
atypical observations, that is, outliers. It was shown that the parameters of the
GARCH(1,1) model, widely used in the literature, suffer dramatic effects due to the
contamination of the series, which in this case can lead to erroneous interpretations.
On the other hand, it was also shown that the parameters of the MQGARCH(1,1)
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model, the main theme of this study, remained robust when the series was contam-
inated, showing that the M-Quantile estimator, in the context of heteroscedastic
models, was parsimonious in that case.

It was also mentioned that the presence of additive outliers affects the estimated
autocorrelation function r(h) of a time series. As a result, heteroscedasticity may
not be detected, taking into account that the values of r(h) may be close to zero.
In this case, the use of these usual estimators can cause spurious results. As a
direct consequence, the interpretations of the ARCH and GARCH effect parameters
in a time series, as well as the model’s stationarity analysis and its autocorrelation
function, may be wrong. Therefore, the use of the MQGARCH(1,1) model is strongly
encouraged
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7 CONCLUSÃO GERAL

Os estudos e resultados aqui apresentados foram motivados pela investigação

de um estimador robusto para modelos heterocedásticos no contexto de séries tem-

porais financeiras, em especial retornos de ativos financeiros. Os dados obtidos no

mercados financeiros possuem a caracteŕıstica de conter outliers. A não consi-

deração dessa caracteŕıstica pode levar a resultados equivocados que não retratam

de modo real a verdadeira natureza das informações estudadas. Adicionalmente,

modelos heterocedásticos baseiam-se no pressuposto de variáveis com distribuição

condicional Gaussiana, propriedades também não observadas nos dados proveni-

entes do mercado financeiro.

Os resultados deste trabalho estendem e corroboram com os resultados ob-

tidos por Muler e Yohai (2008), Carnero, Peña e Ruiz (2012) e Iqbal (2013) e

mostraram que os parâmetros de modelos heterocedásticos estimados por métodos

usuais na literatura podem levar a interpretações espúrias. Por exemplo, a pre-

sença de outliers pode dificultar a detecção de heterocasticidade.

A contribuição cient́ıfica dessa dissertação foi apresentada no artigo resul-

tante do presente estudo. O artigo apresenta a fundamentação emṕırica do im-

pacto de outleris aditivos no modelo GARCH(1,1) estimado pelo método M-

Quantile, isto é, o modelo MQGARCH(1,1). Essa fundamentação foi feita por

meio de experimentos de Monte Carlo. Foi mostrado que os parâmetros do modelo

GARCH(1,1), amplamente utilizado na literatura, sofre efeitos notáveis pela con-

taminação da série, o que nesse caso pode levar a intepretações errôneas. Por outro

lado, também foi mostrado que os parâmetros do modelo MQGARCH(1,1), prin-

cipal tema dessa dissertação, manteve-se robusto quando a série foi contaminada,

mostrando que o estimador M-Quantile, no contexto de modelos heterocedásticos,

foi parcimonioso nesse caso.
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