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Resumo

Os estudos de poluição atmosférica geralmente envolvem medições e análises de dados de

concentrações de poluentes, como é o caso do MP10 (material particulado de diâmetro infe-

rior a 10 µm), do SO2 (dióxido de enxofre) e de outros poluentes. Esses dados normalmente

possuem caracteŕısticas estat́ısticas importantes como autocorrelação, sazonalidade, ob-

servações faltantes e a presença de picos na série que apesar de não serem observações

at́ıpicas (outliers) pela alta frequência com a qual ocorrem, podem ser modelados como tais

pelo efeito que têm na série. Todas essas caracteŕısticas exigem atenção especial durante

a análise dos dados e dificultam a obtenção de intervalos de confiança para os parâmetros

de modelos de séries temporais estacionárias por meio de teoria assintótica. Com essa

motivação, este estudo propôs metodologias de bootstrap no domı́nio da frequência para

séries temporais fracamente estacionárias na presença de observações faltantes e/ou de

contaminação por observações at́ıpicas aditivas. As metodologias sugeridas são baseadas

no bootstrap local de Paparoditis & Politis (1999), com a robustez sendo atingida por meio

de substituição do periodograma clássico pelo M -periodograma de Reisen, Lévy-Leduc &

Taqqu (2017) e quando há presença de observações faltantes se substitui a série tempo-

ral original pela sua versão de amplitude modulada proposta por Parzen (1963). Nesse

contexto, a eficiência das metodologias de bootstrap propostas em estimar intervalos de

confiança de parâmetros de modelos para séries temporais fracamente estacionárias foi

verificada por meio de estudos de Monte Carlo em diferentes cenários, incluindo: conta-

minação por observações at́ıpicas aditivas e presença de observações faltantes. Para efeito

de comparação, em alguns casos também foi considerada a metodologia de bootstrap de

Paparoditis & Politis (1999), bem como as estimativas dos parâmeteros sem o bootstrap

pelas versões clássica e robusta das metodologias de Whittle (1953) e de Dunsmuir & Ro-

binson (1981). O interesse prático em poluição do ar é avaliar se os intervalos de confiança

dos parâmetros obtidos pelas metodologias robustas apresentam uma redução do efeito

de deslocamento para a esquerda que os intervalos clássicos possuem devido à perda de

memória causada pelas observações at́ıpicas aditivas, além da possibilidade de calcular

esses intervalos sem a utilização de técnicas de imputação para obter uma série temporal

completa. As metodologias de bootstrap propostas foram aplicadas para calcular inter-

valos de confiança de parâmetros de ajuste do modelo autorregressivo (AR), e em alguns

casos também do modelo sazonal autorregressivo (SAR), à dados de MP10 de estações da

rede de monitoramento da qualidade do ar da Região da Grande Vitória - ES.

Palavras-chave: poluição do ar, análise de séries temporais, análise espectral, boots-

trap, periodograma, observações faltantes, modulação de amplitude, observações at́ıpicas,

robustez e MP10.



Abstract

Studies about air pollution typically involve measurements and analysis of pollutants, such

as PM10 (particulate matter with diameter lower than 10µm), SO2 (sulfur dioxide) and

others. These data typically have important features like serial correlation, seasonality,

missing observations and the presence of peaks that despite not being atypical observations

(outliers) because of their high frequency of occurrence, can be modeled as such owing to

the effect that they have on the series. All these features demand special attention during

data analysis and complicate the obtainment of confidence intervals for the parameters

of stationary time series models through asymptotic theory. With this motivation, this

study proposed bootstrap methodologies in the frequency domain for weakly stationary

time series in the presence of missing observations and/or of contamination by additive

outliers. The suggested methodologies are based on the local bootstrap of Paparoditis

& Politis (1999), with the robustness being achieved by the substitution of the classical

periodogram with the M -periodogram of Reisen, Lévy-Leduc & Taqqu (2017) and when

there is presence of missing observations the original time series is replaced by its am-

plitude modulated version proposed by Parzen (1963). In this context, the efficiency of

the proposed bootstrap methodologies in estimating confidence intervals of parameters of

models for weakly stationary time series was verified through Monte Carlo studies under

different scenarios, including: additive outliers contamination and presence of missing ob-

servations. For comparison purposes, in some cases it was also considered the bootstrap

methodology of Paparoditis & Politis (1999), as well as the parameter estimates without

the bootstrap via the classical and robust versions of the methodologies of Whittle (1953)

and of Dunsmuir & Robinson (1981). The practical purpose in air pollution is to evaluate

if the confidence intervals of the parameters obtained by the robust methodologies present

a reduction in the effect of left shift that the classical intervals have due to the memory

loss caused by the additive outliers, in addition to the possibility of calculating these inter-

vals without using imputation techniques to obtain a complete time series. The proposed

bootstrap methodologies were applied to calculate confidence intervals of parameters of

adjustment of the autoregressive (AR) model, and in some cases also of the seasonal au-

toregressive (SAR) model, to MP10 data of stations of the air quality monitoring network

of the Greater Vitória Region - ES.

Keywords: air pollution, time series analysis, spectral analysis, bootstrap, periodogram,

missing observations, amplitude modulation, outliers, robustness and PM10.
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4 MATERIAIS E MÉTODOS . . . . . . . . . . . . . . . . . . . . . . . 30

4.1 Região de Estudo . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
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1 Introdução

A qualidade do ar de uma região é determinada pela proximidade de fontes poluidoras

e pelos ńıveis de emissão dos poluentes das mesmas, pela capacidade com que a atmosfera

da região consegue absorver, dispersar e remover esses contaminantes. Parâmetros mete-

orológicos como temperatura, pressão atmosférica, umidade relativa do ar, velocidade e

direção predominante do vento podem ampliar ou reduzir a capacidade do transporte e

da dispersão atmosférica dos poluentes.

As emissões de poluentes atmosféricos podem ser classificadas em antropogênicas e

naturais (GODISH, 1997). As emissões antropogênicas são aquelas provocadas pela ação

do homem, geralmente nas indústrias, nos transportes e em processos de geração de

energia. As emissões naturais são causadas por processos naturais, tais como queimadas

naturais, part́ıculas do solo ressuspensas pelo vento, etc. Quanto à origem, os poluentes

são classificados em ńıveis primários ou secundários. Os poluentes primários são aqueles

lançados diretamente na atmosfera, como resultado dos processos industriais, dos gases

de exaustão dos motores de combustão interna, construção civil e outros. Os poluentes

secundários são aqueles formados a partir de reações qúımicas que ocorrem na atmosfera

entre os poluentes primários.

Um dos poluentes atmosféricos mais relevantes é o material particulado (MP), devido

ao efeito danoso à saúde das pessoas, dos animais e da vegetação, pela interferência nas

mudanças climáticas regionais e globais, e pelo incômodo de sua deposição nas superf́ıcies

dos materiais e edificações (WHO, 2005; JACOBSON, 2002). A gravidade dos danos

causados pelo MP levou à uma maior abordagem sobre o assunto na literatura e ao

crescimento do monitoramento de fontes de emissões e de dados da qualidade do ar em

várias regiões do mundo.

O material particulado é composto de part́ıculas capazes de permanecer em suspensão

na atmosfera devido às suas pequenas dimensões. Como exemplos podem ser citados a

poeira, a fuligem e as part́ıculas de óleo (BRAGA et al., 2005). A forma e a composição

qúımica do MP podem ser bastante diversificadas. Normalmente a classificação é feita

de acordo com o tamanho da part́ıcula: nos casos de diâmetros aerodinâmicos inferiores

a 2,5 µm e 10µm são denominados MP2,5 e MP10, respectivamente. Na literatura, o

MP10 também é definido como part́ıculas inaláveis. Segundo Baird (2002), as part́ıculas

são classificadas como grossas (diâmetro maior que 2,5 µm) e finas (diâmetro menor que

2,5 µm). A importância do tamanho das part́ıculas está relacionada aos danos que elas

podem causar à saúde. Holgate et al. (1999) afirmam que as part́ıculas finas são as

principais responsáveis por esses danos, uma vez que podem atingir e prejudicar o sistema

respiratório inferior.
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Tendo em vista os efeitos do material particulado na saúde e no meio ambiente, com

o passar do tempo, têm surgido legislações ambientais para regulamentar os ńıveis de

emissões e de qualidade do ar. A legislação brasileira, através da resolução CONAMA nº

491 de 2018 (CONAMA, 2018), estabeleceu, respectivamente, os seguintes padrões inter-

mediários (PI-1, que estão em vigor) de concentração de part́ıculas inaláveis para longa

e curta exposição: (1) a concentração média aritmética anual deve ser de, no máximo,

40 µg/m3; e (2) a concentração média de 24 horas deve ser de, no máximo, 120 µg/m3.

A Organização Mundial de Saúde (OMS) estabeleceu, no ano de 2005, as diretrizes de

50 µg/m3 para a concentração média de 24 horas e de 20 µg/m3 para a média aritmética

anual de MP10 (WHO, 2005).

Para auxiliar a manutenção dos ńıveis de concentrações dentro dos padrões da le-

gislação, é primordial a realização do monitoramento da qualidade do ar. Na região

metropolitana da Grande Vitória (RMGV), a Rede Automática de Monitoramento da

Qualidade do Ar (RAMQAr), é responsável por desempenhar esse papel. A rede foi inau-

gurada em julho de 2000 pelo Instituto Estadual de Meio Ambiente e Recursos Hı́dricos

(IEMA) e fornece dados horários meteorológicos e de diversos poluentes, sendo que o

poluente MP10 é monitorado por todas as estações que compõem a RAMQAr.

Esta disponibilidade de dados monitorados sequencialmente no tempo, aliada à neces-

sidade de avaliar a qualidade do ar e de fazer previsões de concentrações desses poluentes,

justificam a abordagem de séries temporais para os dados de poluição atmosférica coleta-

dos pela RAMQAr. A escolha da RMGV se justifica pelos seguintes fatos sobre a mesma:

possui diversas fontes de emissão de poluentes atmosféricos devido à suas indústrias e ao

seu crescente desenvolvimento urbano; no que se refere ao efeito dos poluentes na saúde

da população, houve um aumento do número de atendimentos hospitalares por doenças

respiratórias e cardiovasculares em função de seu crescimento (SOUZA et al., 2014).

Na prática, são utilizados modelos para se entender a dinâmica e prever valores futuros

de séries temporais. Nesse contexto, é essencial ter conhecimento das incertezas que estão

associadas à estimação dos parâmetros desses modelos, o que pode ser atingido por meio

de técnicas de reamostragem. No caso das metodologias clássicas de séries temporais, é

necessário que se tenha uma série completa para ajustar modelos, hipótese essa que não

é aplicável aos dados de concentração de poluentes atmosféricos da RMGV uma vez que

os mesmos têm presença de observações faltantes.

Dentre as diferentes técnicas de reamostragem existentes destaca-se o bootstrap que foi

criado originalmente por Efron (1979) para estudar observações que são independentes.

Posteriormente foram criadas diversas técnicas de bootstrap para séries temporais que

podem ser divididas nas metodologias nos domı́nios do tempo e da frequência.

Metodologias de bootstrap no domı́nio do tempo:

� Bootstrap em blocos.
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� Boootstrap markoviano.

� Bootstrap não-paramétrico residual.

� Bootstrap AR-sieve.

� Bootstrap residual para modelos paramétricos.

Metodologias de bootstrap no domı́nio da frequência:

� Bootstrap multiplicativo residual.

� Boootstrap local.

� Bootstrap h́ıbrido.

O fato das séries temporais poderem ser decompostas em diversos ciclos de frequências

e amplitudes diferentes através de uma série de Fourier é uma oportunidade para ana-

lisá-las no domı́nio da frequência. O uso da decomposição de séries temporais via análise

espectral, surgiu como alternativa para identificação da amplitude de cada ciclo corres-

pondente a uma determinada frequência. A função densidade espectral, ou simplesmente

espectro, mostra a decomposição da variância de uma amostra de dados através de diferen-

tes frequências. Assim, o espectro descreve as propriedades ćıclicas de uma determinada

série temporal. Supõe-se que as flutuações do processo subjacente são produzidas por

um grande número de ciclos elementares de diferentes frequências e que a contribuição

de cada ciclo é constante em toda a amostra. O espectro fornece então a contribuição

relativa de cada um desses ciclos elementares para a variância do processo global. O

periodograma é uma ferramenta muito útil na decomposição de uma série temporal em

componentes ćıclicas com diferentes frequências e amplitudes. Isso é particularmente útil

quando se deseja estimar o peŕıodo de uma série, pois o mesmo é dado pela frequência

que possui a maior amplitude (frequência dominante). No entanto, a versão clássica do

periodograma possui a desvantagem de ser muito senśıvel à presença de outliers, e por-

tanto, ela se torna sem utilidade em situações nas quais os dados reais são contaminados

por observações at́ıpicas. Outra limitação que a versão clássica do periodograma possui é

de não ser adequada para utilização quando a série possui observações faltantes.

A metodologia do bootstrap proposta por Efron (1979) que envolve amostragens com

reposição, pode ser aplicada às ordenadas do periodograma devido ao fato das mesmas

possúırem independência assintótica. Só que no caso do periodograma é mais interessante

fazer uma reamostragem “local” ao invés da reamostragem “global” do bootstrap comum.

Isso se deve ao fato da distribuição das ordenadas do periodograma não ser constante mas

sim mudar de forma lenta com o seu ı́ndice. Assim sendo, Paparoditis & Politis (1999)

propuseram o bootstrap local para o periodograma que pode ser utilizado na estimação de

intervalos de confiança de estat́ısticas baseadas no periodograma tais como os parâmetros
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de um modelo para uma série temporal fracamente estacionária. No entanto, ainda falta

a generalização do bootstrap local para estimação de parâmetros de modelos de séries

temporais quando as mesmas têm presença de observações at́ıpicas aditivas e de dados

faltantes.

Nesse contexto, um problema t́ıpico das séries temporais de poluentes atmosféricos

na RMGV é a presença de picos na série que apesar de não poderem ser considerados

observações at́ıpicas por causa da alta frequência com a qual ocorrem na série, podem ser

modelados como observações at́ıpicas aditivas já que provocam um efeito na série similar

ao causado por tal tipo de observação, isto é, têm efeito de observações que fogem do

padrão da série e que não têm nenhum efeito nas observações subsequentes (FOX, 1972).

Esses picos fazem com que haja perda de memória nas estimativas dos parâmetros de

modelos de séries temporais fracamente estacionárias e, assim, faz com que os intervalos

de confiança associados à esses parâmetros sejam deslocados para a esquerda. Além disso,

as séries temporais de poluentes atmosféricos na RMGV possuem observações faltantes

que fazem com que seja necessário o uso de técnicas de imputação para tornar essas séries

completas.

Neste estudo, serão utilizadas médias diárias do MP10 para garantir similaridade com o

disposto na resolução CONAMA nº 491 de 2018. Na prática, a ocorrência de observações

faltantes em médias diárias de MP10, pode ser justificada, na maior parte dos casos, por fa-

lhas dos equipamentos de monitoramento. Já a presença de picos de concentração se deve

a fugas diárias dos padrões de emissões de fonte e/ou meteorológicos. Os picos causam

um problema que é recorrente na área de poluição do ar: deteriorações da qualidade do ar

de uma região nos intervalos de tempo em que os mesmos ocorrem. Adicionalmente, esses

picos podem prejudicar a eficiência do bootstrap local em modelos para séries temporais

fracamente estacionárias, como mencionado previamente.

Para superar essas limitações e, visando propor uma técnicas que ofereçam maior

eficiência nas aplicações emṕıricas, nesta tese sugerem-se três metodologias de boots-

trap no domı́nio da frequência para estimar intervalos de confiança de parâmetros de

modelos de séries temporais fracamente estacionárias. A primeira metodologia, que é

abordada no primeiro artigo desta tese, propõe a substituição do periodograma clássico

pelo M -periodograma robusto de Reisen, Lévy-Leduc & Taqqu (2017) no bootstrap local

de Paparoditis & Politis (1999) com o intuito de reduzir o efeito de deslocamento para

a esquerda dos intervalos de confiança dos parâmetros de modelos de séries temporais

fracamente estacionárias quando há contaminação por observações at́ıpicas aditivas. Um

estudo emṕırico será conduzido para comparar o desempenho da metodologia robusta

proposta com o da metodologia clássica de Paparoditis & Politis (1999) na estimação

de intervalos de confiança de parâmetros de modelos AR e SAR em cenários com e sem

contaminção por observações at́ıpicas aditivas.

A segunda metodologia proposta neste trabalho, que é abordada no segundo artigo
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desta tese, propõe a substituição da série temporal original pela sua versão de ampli-

tude modulada proposta por Parzen (1963) no bootstrap local de Paparoditis & Politis

(1999). Enquanto que a terceira metodologia, que também é abordada no segundo artigo

desta tese, propõe a substituição da série temporal original pela sua versão de amplitude

modulada proposta por Parzen (1963) e a substituição do periodograma clássico pelo

M -periodograma robusto de Reisen, Lévy-Leduc & Taqqu (2017) no bootstrap local de

Paparoditis & Politis (1999). Um estudo emṕırico será conduzido para comparar o desem-

penho das metodologias propostas na estimação de intervalos de confiança de parâmetros

de modelos AR em cenários com: séries completas e sem contaminação por observações

at́ıpicas aditivas; dados incompletos e sem contaminação por outliers aditivos; e séries

incompletas e com contaminação por observações at́ıpicas aditivas.

O restante desta tese está dividido da seguinte forma: no Caṕıtulo 2 são apresentados

o objetivo geral e os espećıficos; no Caṕıtulo 3 é feita uma revisão da literatura referente à

área poluição atmosférica e ao bootstrap aplicado à essa área; no Caṕıtulo 4 são exibidos

os materiais e métodos utilizados; no Caṕıtulo 5 são mostrados os principais resultados e

discussões, compilados no formato de dois artigos cient́ıficos; no Caṕıtulo 6 são elaboradas

as conclusões; enquanto dois estudos adicionais (um está compilado no formato de artigo

cient́ıfico e o outro é um artigo em compilação) são apresentados no Apêndice A.
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2 Objetivos

2.1 Objetivo Geral

O objetivo geral desta tese é propor metodologias de bootstrap para obtenção de inter-

valos de confiança de parâmetros de modelos de séries temporais fracamente estacionárias

na presença de dados faltantes e/ou de observações at́ıpicas, para aplicação em dados de

material particulado inalável da Região Metropolitana da Grande Vitória.

2.2 Objetivos Espećıficos

Os objetivos espećıficos desta tese são os seguintes:

- Obter uma metodologia robusta para estimar intervalos de confiança de parâmetros

de modelos de séries temporais fracamente estacionárias por meio do bootstrap local

de Paparoditis & Politis (1999) com a substituição do periodograma clássico pelo M -

periodograma de Reisen, Lévy-Leduc & Taqqu (2017);

- Desenvolver uma metodologia clássica para estimar intervalos de confiança de parâ-

metros de modelos de séries temporais fracamente estacionárias na presença de observações

faltantes por meio da aplicação do bootstrap local de Paparoditis & Politis (1999) no pe-

riodograma da versão de amplitude modulada da série;

- Obter uma metodologia robusta para estimar intervalos de confiança de parâmetros

de modelos de séries temporais fracamente estacionárias na presença de observações fal-

tantes por meio da aplicação do bootstrap local de Paparoditis & Politis (1999) no M -

periodograma de Reisen, Lévy-Leduc & Taqqu (2017) da versão de amplitude modulada

da série;

- Aplicar os estimadores de intervalos de confiança de parâmetros de modelos às séries

temporais de material particulado inalável da rede de monitoramento da qualidade do ar

da Região da Metropolitana da Grande Vitória.
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3 Revisão Bibliográfica

3.1 Poluição Atmosférica

A Resolução nº 491 de novembro de 2018 do Conselho Nacional do Meio Ambiente

(CONAMA, 2018), caracteriza como poluente atmosférico qualquer forma de matéria em

quantidade, concentração, tempo ou outras caracteŕısticas, que tornem ou possam tornar

o ar: i) impróprio ou nocivo à saúde; ii) inconveniente ao bem-estar público; iii) danoso

aos materiais, à fauna e à flora; ou, iv) prejudicial à segurança, ao uso e ao gozo da

propriedade e às atividades normais da comunidade.

No que tange às emissões de poluentes, essas podem ser classificadas em antropogênicas

e naturais. Quanto às antropogênicas, as mesmas são decorrentes das ações do homem

(indústria, transporte, geração de energia e outras). Já as naturais originam-se de pro-

cessos naturais, como emissões vulcânicas e processos microbiológicos. Além disso, os

poluentes podem ser classificados, segundo a sua origem, em primários e secundários. Os

primários são lançados diretamente na atmosfera pelas fontes de emissão, como por exem-

plo: SO2, CO, NOX e hidrocarbonetos (HC). Já os secundários formam-se na atmosfera

por meio da reação qúımica entre poluentes primários ou desses com constituintes naturais

da atmosfera. Podem-se citar como exemplos: O3 e peróxido de hidrogênio (H2O2).

A seguir encontra-se uma breve descrição dos principais poluentes atmosféricos.

� Dióxido de enxofre (SO2): gás tóxico e incolor, pode ser emitido por fontes naturais

ou por fontes antropogênicas e pode reagir com outros compostos na atmosfera,

formando material particulado de diâmetro reduzido;

� Dióxido de nitrogênio (NO2): gás poluente altamente oxidante, sendo que sua pre-

sença na atmosfera é fator proponderante na formação do ozônio troposférico;

� Hidrocarbonetos (HC): compostos formados de carbono e hidrogênio e que podem

se apresentar na forma de gases, part́ıculas finas ou gotas;

� Material particulado (MP): mistura complexa de sólidos com diâmetro reduzido.

Seus componentes apresentam caracteŕısticas f́ısicas e qúımicas variadas. Geral-

mente o material particulado é classificado de acordo com o diâmetro das part́ıculas

em função da relação existente entre diâmetro e possibilidade de penetração no trato

respiratório. É importante lembrar que nos casos de diâmetros aerodinâmicos infe-

riores a 2,5 µm e 10 µm o material particulado é denominado MP2,5 ou part́ıculas

respiráveis e MP10 ou part́ıculas inaláveis, respectivamente;
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� Monóxido de carbono (CO): gás inodoro e incolor, é formado no processo de queima

de combust́ıveis;

� Ozônio (O3): poluente secundário, é formado a partir de outros poluentes at-

mosféricos e é altamente oxidante na troposfera (camada inferior da atmosfera).

Vale frisar que em relação aos padrões de qualidade do ar existe uma diferença entre

os valores estabelecidos pela Resolução CONAMA nº 491 de 2018, em vigor (PI-1), e as

diretrizes da OMS (revisadas em 2005). Além disso, o Governo do Estado do Esṕırito

Santo, por meio do Decreto no 3463-R de 2013, estabeleceu padrões de qualidade do ar

para o Esṕırito Santo que também apresentam diferenças quando à Resolução CONAMA

nº 491 de 2018. Na Tabela 3.1 são apresentados os padrões nacionais e estaduais de

qualidade do ar e as diretrizes da OMS. Pode-se verificar a grande discrepância que há

entre os padrões nacionais em vigor e as diretrizes da OMS.

3.2 Estado da Arte em Estimação de Intervalos de Confiança de

Parâmetros de Modelos de Séries Temporais de Poluição do Ar

Para o gerenciamento da qualidade do ar é necessário conhecer as concentrações de

poluentes e gerar previsões satisfatórias delas. A utilização de modelos de previsão é

uma ferramenta importante para conhecer o comportamento e caracteŕısticas de deter-

minados poluentes, podendo, desta forma, prever posśıveis picos de concentração. Para

isto, pode-se fazer uso de duas classes de modelos, os experimentais e os matemáticos.

Nesta última, têm-se os modelos determińısticos e os modelos estocásticos. O presente

estudo se concentrará na classe de modelagem estocástica. Uma vez que o objetivo desta

pesquisa é propor metodologias de bootstrap para obtenção de intervalos de confiança de

parâmetros de modelos de séries temporais fracamente estacionárias com dados faltantes

e/ou observações at́ıpicas, para aplicação em dados de poluentes atmosféricos, esta seção

visa descrever alguns estudos que aplicaram técnicas estat́ısticas para lidar com a presença

de dados faltantes, analisar séries temporais no domı́nio da frequência (análise espectral),

tratar observações at́ıpicas aditivas (estat́ıstica robusta) e estimar intervalos de confiança

via bootstrap.

Dunsmuir & Robinson (1981) propuseram uma metodologia para estimação de mode-

los para séries temporais discretas na presença de dados faltantes. Algumas justificativas

foram dadas para a utilização dessa metodologia sobre alternativas à ela; a escolha do es-

timador geralmente é governada pelo padrão dos dados faltantes, pela natureza do modelo

de séries temporais, e por considerações computacionais. A performance da metodologia

na estimação de modelos simples foi estudada pelas simulações, e foi aplicada a séries

temporais de médias diárias em partes por milhão do poluente atmosférico CO medidas
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Tabela 3.1 – Padrões nacionais e estaduais de qualidade do ar e diretrizes da OMS
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Fonte: Iema (2014), OMS (2005), CONAMA (2018). 

na cidade de Boston, nos Estados Unidos, pelo peŕıodo de 114 semanas começando no dia

03/06/1969.

Iglesias, Jorquera & Palma (2006) propuseram uma metodologia estat́ıstica para ma-

nipular regressões com longa dependência nos erros e dados faltantes. A estratégia de
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estimação foi desenvolvida através das abordagens Bayesiana e clássica. O estudo foi ilus-

trado com aplicação em um conjunto de dados de concentrações de poluentes atmosféricos

da cidade de Santiago, no Chile, para o peŕıodo de 01/01/1989 a 31/12/1996, com um

número muito alto de observações faltantes: 531 dias sem observação. Para correção dos

dados faltantes, os autores utilizaram o filtro de Kalman. A fim de explicar a variação nas

concentrações de MP10, os autores utilizaram como variáveis explanatórias da regressão a

velocidade do vento, a precipitação e as concentrações de CO2 e de SO2. Essas variáveis

mostraram-se correlacionadas com a concentração de MP10. De acordo com os resulta-

dos apresentados, a aplicação da metodologia aos dados reais, com a abordagem clássica,

mostrou que a inferência pode ser distorcida se a longa dependência nos erros não for

considerada.

Gómez-Carracedo et al. (2014) utilizaram um conjunto de dados de qualidade do ar

(NO, NO2, NOX , CO, O3, MP10, MP2,5 e MP1,0) de uma estação de imersão automática

situada numa zona costeira suburbana próxima da cidade de Corunha, na Espanha, com

taxas de dados faltantes variando de 4% a 24%, para verificar se grandes diferenças

ocorrem quando métodos de imputação distintos (Média Incondicional, Mediana Mo-

dificada, Método Baseado em Componentes Principais, Expectation Maximization (EM)

e Imputação Múltipla), são aplicados para o preenchimento dos dados faltantes. Todos

os métodos foram executados de forma semelhante, embora a Imputação Múltipla tenha

gerado valores imputados mais dispersos. De acordo com os resultados apresentados, as

principais diferenças ocorreram quando uma variável com valores ausentes teve correlação

fraca com as outras caracteŕısticas e quando uma variável apresentou carregamentos re-

levantes em vários fatores não rotacionados, o que algumas vezes alterou a ordem dos

fatores rotacionados. Os melhores resultados foram obtidos com o algoritmo EM.

Junger & Leon (2015) discutiram questões teóricas e metodológicas para imputação de

dados faltantes em séries temporais multivariadas de poluentes atmosféricos. Os autores

apresentaram um método baseado em imputação que usa o algoritmo EM sob a suposição

de distribuição normal. Diferentes abordagens foram consideradas para a filtragem da

componente temporal. Foi realizado um estudo de simulação para avaliar a validade e

o desempenho do método proposto em comparação com alguns métodos frequentemente

utilizados. Cada método de imputação e configuração foi comparado com um valor de

referência, que foi estimado utilizando a análise do conjunto de dados completo que com-

preendeu as 366 observações do ano de 2004 de concentrações diárias de MP10 medidas

em dez estações de monitoramento da cidade de São Paulo, no Brasil. As simulações

mostraram que, quando a quantidade de dados faltantes era de apenas 5%, a análise

completa dos dados produziu resultados satisfatórios independentemente do mecanismo

gerador dos dados ausentes, enquanto a validade começou a degenerar quando a proporção

de valores faltantes excedia 10%. Segundo os resultados, o método de imputação proposto

pelos autores apresentou boa acurácia e precisão em diferentes contextos com relação aos
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padrões de observações ausentes. A maioria das imputações obteve resultados válidos,

mesmo sob ausência não aleatória. Os métodos propostos no trabalho foram implemen-

tados como um pacote denominado multivariate time series data imputation (mtsdi) no

software estat́ıstico R.

Miller et al. (2018) avaliaram quatro métodos de imputação de dados faltantes para

abordar os dados de concentração de BTEX (benzeno, tolueno, etilbenzeno e xilenos),

medidos em Windsor e Sarnia, Ontário, Canadá, no outono de 2005. Os métodos de

imputação avaliados foram: imputação do valor médio, ponderação inversa da distância,

proporções interespécies e regressão. As concentrações e relações entre espécies geralmente

foram similares entre as duas cidades. Utilizando essas cidades industrializadas como

estudos de caso, os autores demonstraram que a utilização das técnicas de proporções

interespécies ou de regressão dos dados para os quais há informação completa, junto com

uma concentração medida (i.e. benzeno) para prever concentrações perdidas (i.e. TEX)

resulta em uma boa concordância entre os valores previstos e os medidos. Os autores

apontam que, na ausência de quaisquer concentrações conhecidas, o método ponderação

inversa da distância pode fornecer uma concordância razoável entre as concentrações

observadas e estimadas para as espécies BTEX, e foi superior à imputação de valor médio

que não foi capaz de preservar a tendência espacial.

Hies et al. (2000) apresentaram um método eficaz para analisar diferentes fontes de

poluição do ar em uma série temporal de carbono elementar. Como uma segunda função,

essa técnica permite uma classificação rápida e eficiente dos locais de monitoramento.

Séries temporais diárias de medições de carbono elementar em várias localidades urbanas

de Berlim na Alemanha de 01/04/1994 a 31/03/1995 foram avaliadas com suas corres-

pondentes densidades espectrais estimadas por meio de uma versão suavizada do periodo-

grama. Periodicidades t́ıpicas e bem conhecidas causadas por influências antropogênicas

e meteorológicas foram identificadas pelos espectros de coerência e de fase. Chegou-se a

conclusão de que como as amplitudes relativas das várias influências variam dependendo

de onde os locais de monitoramento se situam na área urbana, o uso da densidade espec-

tral estimada ajuda a achar a influência do tráfego, do aquecimento doméstico por carvão

e do transporte de longo alcance na concentração de carbono elementar.

Sebald et al. (2000) utilizaram análise espectral para investigar os processos de formação

e de decomposição do ozônio troposférico. Apesar do ozônio ser um poluente atmosférico

reativo e secundário, uma abordagem similar à utilizada por Hies et al. (2000) para o

carbono elementar pode ser aplicada à série temporal de ozônio. As séries temporais

horárias de ozônio em várias localidades da Alemanha dos meses de abril a setembro dos

anos de 1993 a 1995 foram divididas em componentes sazonais de baixa e alta frequências

para detectar a razão para concentrações extremamente altas de ozônio no verão. A com-

ponente de alta frequência foi avaliada utilizando a correspondente densidade espectral

estimada por meio do periodograma suavizado. Foi demonstrado que as flutuações me-
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teorológicas de escalas grande e sinótica afetam as concentrações de ozônio em todos os

locais de monitoramento. Os resultados obtidos afirmaram o domı́nio de flutuações es-

paciais homogêneas e indicaram uma camada residual relativamente uniforme sobre uma

grande região.

Choi et al. (2008) investigaram a variação semanal antropogênica dependente da região

em poluentes atmosféricos e sua relação com as condições meteorológicas da China nos

verões de 2001 até 2005. Análise espectral foi aplicada à observações de concentrações

diárias locais de MP10 e precipitação de 31 estações terrestres, estimativas de reanálise

de variáveis atmosféricas regionais e dados de nuvens obtidos via satélite. Os resultados

confirmaram a presença de interação entre MP10 e as condições meteorológicas na camada

limite e sugeriram uma posśıvel conexão entre a formação de nuvens e MP10 em uma escala

semanal.

Sarnaglia et al. (2016) propuseram uma metodologia de estimação baseada no esti-

mador de Whittle para ajustar modelos PARMA quando o processo é contaminado por

outliers aditivos e/ou tem rúıdo de cauda pesada. Ela foi derivada pela troca da transfor-

mada de Fourier comum pelo estimador não linear deM -regressão na equação de regressão

harmônica que leva ao periodograma clássico. Um experimento de Monte Carlo foi condu-

zido para estudar o comportamento de amostra finita do estimador proposto em cenários

de séries contaminadas e não contaminadas. O método de estimação proposto foi aplicado

para ajustar um modelo PARMA às médias diárias das concentrações de SO2 da estação

da RAMQAr de Jardim Camburi de 01/01/2005 até 29/12/2006.

Fajardo et al. (2018) propuseram o M -periodograma para utilização em séries tem-

porais com memória longa, estabeleceram suas propriedades assintóticas e investigaram

suas propriedades emṕıricas para amostras finitas sob diferentes cenários. Além de ser

interessante para utilização em séries temporais com memória longa, esse periodograma

é resistente a outliers aditivos, resistência essa que foi testada por meio de simulações. A

metodologia proposta foi aplicada à série temporal das médias diárias das concentrações

de MP10 da estação da RAMQAr do Centro de Vila Velha de 01/03/2008 até 31/12/2009.

Reisen et al. (2018) propuseram um estimador robusto semi-paramétrico para os

parâmetros fracionários do modelo sazonal autorregressivo fracionalmente integrado de

médias móveis (SARFIMA), por meio da utilização de um periodograma robusto tanto

nas frequências muito baixas quanto nas frequências sazonais. Foi demonstrado pelas

simulações que a metodologia robusta se comporta como a clássica na estimação dos

parâmetros de memória longa se não há outliers (sem contaminação). Por outro lado, no

cenário com contaminação (presença de outliers), a metodologia clássica levou a resultados

enganosos enquanto a metodologia robusta não foi afetada. A metodologia proposta foi

aplicada para modelar e prever concentrações médias diárias do poluente atmosférico SO2

da estação da RAMQAr de Cariacica de 01/01/2005 até 31/12/2009, pois essa série possui

caracteŕısticas de memória longa sazonal e grandes picos ocasionais de concentrações de
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poluente.

Rao et al. (1985) utilizaram estat́ıstica de valores extremos e a técnica de bootstrap

para observações independentes e identicamente distribúıdas proposta por Efron (1979)

para revelar a performance de modelos de qualidade do ar em simular a distribuição

acumulada das concentrações medidas. Essas técnicas foram aplicadas à predições do

modelo de qualidade do ar RAM da U.S. Environmental Protection Agency e à medições

de uma base de dados de concentrações horárias de SO2 de Saint Louis, Estados Unidos.

Hanna (1989) utilizou os procedimentos de reamostragem de bootstrap e de jackknife

para estimar as incertezas ou os intervalos de confiança de medidas de performance rela-

cionadas a concentrações de qualidade do ar, pois as distribuições das mesmas, em geral,

não podem ser facilmente transformadas em formato gaussiano. Esses procedimentos de

reamostragem foram aplicados à predições de sete modelos de qualidade do ar para o ex-

perimento de dispersão costeira de Carpinteria, Estados Unidos. Intervalos de confiança

do v́ıcio médio fracionário e do erro quadrático médio normalizado foram calculados para

cada modelo e para diferenças entre modelos. Concluiu-se que essas incertezas são em

algumas ocasiões tão grandes para conjuntos de dados de aproximadamente 20 elementos

que não se pode afirmar com 95% de confiança que a medida de performance do “melhor”

modelo é significativamente diferente da obtida para outro modelo.

Martin & Roberts (2006) utilizaram o bootstrap estacionário proposto por Politis &

Romano (1994) como forma de abordar os problemas de seleção de modelos em estudos

de séries temporais de mortalidade relacionada ao material particulado. A metodologia

proposta, denominada bootstrap model averaging (BOOT), foi aplicada aos dados diários

de mortalidade, clima e MP10 de Cook Country, nos Estados Unidos, no peŕıodo de 1987

a 2000. Já Roberts & Martin (2010) propuseram o double BOOT como uma extensão do

BOOT, essa metodologia é similar ao BOOT com a diferença que utiliza uma segunda ca-

mada de bootstrap. A metodologia foi aplicada às séries temporais diárias de mortalidade,

temperatura, temperatura de ponto de orvalho e concentração de part́ıculas respiráveis

(MP2,5) de cinco cidades (Birmingham, Orlando, Seattle, Saint Louis e Tampa) dos Es-

tados Unidos nos anos de 1999 e 2000 e mostrou ser uma alternativa viável ao BOOT.

Barbosa (2009) utilizou Modelos Aditivos Generalizados (MAG) e a técnica de boots-

trap para explicar a associação entre as concentrações diárias dos poluentes MP10, O3 e

NO2 e o número de atendimentos hospitalares por causas respiratórias em crianças de 0 a

6 anos de idade na Região Metropolitana da Grande Vitória de janeiro de 2001 a dezem-

bro de 2004. Os resultados mostraram que os procedimentos e os intervalos de confiança

de bootstrap condicional apresentaram um desempenho satisfatório quando utilizados na

classe MAG, que por sua vez encontrou efeitos maléficos dos poluentes investigados na

saúde das crianças que apresentaram problemas respiratórios no peŕıodo de estudo.

Jhun et al. (2015) avaliaram o impacto de mudanças climáticas de longo prazo na

qualidade do ar e na saúde nos Estados Unidos de 1994 até 2012. Foram quantificados
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aumentos relacionados ao clima passado, ou “penalidade do clima”, no O3 e no MP2,5,

e posteriormente estimado o excesso de mortes associado. Utilizando modelos aditivos

generalizados, foi obtida a penalidade do clima como o aumento adicional na poluição

do ar relativo a tendências assumindo condições climáticas constantes (isto é, tendências

ajustadas de acordo com o clima). Já os desvios padrão das penalidades do clima foram

estimados utilizando uma metodologia de bootstrap em blocos.

Barakat et al. (2015) realizaram um estudo das concentrações horárias de SO2 e de

MP10 nas cidades de Décimo de Ramadan e de Zagazig no Egito em 2009. Esse estudo

utilizou o bloco de máximas e o pico acima de um limiar para avaliar as medições dos po-

luentes atmosféricos considerados. Uma técnica de bootstrap foi utilizada para melhorar

as estimativas de parâmetros no modelo de valores extremos e sua validade foi checada

pelo teste de Kolmogorov-Smirnov. Foi sugerido um novo método de modelar valores

extremos que pode converter qualquer dado ordenado em um bloco de dados ampliado

utilizando m dos n bootstraps. Também foi investigada a inconsistência e a consistência

fraca do bootstrap de estat́ısticas de ordem centrais e intermediárias para uma escolha

apropriada de tamanho de reamostragem.

Shang (2018) considerou métodos de bootstrap para a estimação da covariância de

longo prazo de séries temporais funcionais estacionárias. Foi introduzido um método de

bootstrap versátil que se baseia em análise de componentes principais funcional, onde pode

ser feito o bootstrap dos scores das componentes principais por entropia máxima. Dois

outros métodos de bootstrap reamostraram funções de erro, depois da estrutura de de-

pendência ter sido modelada linearmente por um modelo funcional autoregressivo ou não

linearmente por regressão kernel funcional. Por uma série de simulações de Monte Carlo,

foram avaliadas e comparadas as performances de amostra finita desses três métodos de

bootstrap na estimação da covariância de longo prazo de uma série temporal funcional. Os

métodos de bootstrap propostos foram aplicados aos dados de MP10 medidos de meia em

meia hora na cidade de Graz na Áustria no peŕıodo que vai de 01/10/2010 até 31/03/2011

para construir a distribuição da sua covariância de longo prazo estimada.

As diversas aplicações que a literatura apresenta para a junção das técnicas estat́ısticas

relacionadas à metodologias para o tratamento de dados faltantes, análise de séries tem-

porais no domı́nio da frequência, estat́ıstica robusta e estimação de intervalos de confiança

via bootstrap fazem com que essa área de estudo seja umas das mais dinâmicas na análise

de séries temporais de concentrações de poluentes atmosféricos. Dessa forma, justifica-se

a escolha desse tema como objeto de estudo desta tese. Outra motivação para a escolha

desse tema foi o fato dele ser relativamente recente dentro da área de poluição do ar, o

que faz com que sua exploração tenda a trazer novos resultados.
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4 Materiais e Métodos

4.1 Região de Estudo

A Região Metropolitana da Grande Vitória (RMGV) é constitúıda pelos munićıpios de

Vitória, Vila Velha, Cariacica, Serra, Fundão, Guarapari e Viana. A RMGV é localizada

na região sudeste do estado do Esṕırito Santo. Sua área é de 2331,03 km2 e possui uma

população de aproximadamente 1,884 milhão de habitantes, o que representa cerca de

48% da população total do estado (IBGE, 2011).

A RMGV é o principal polo industrial e econômico do estado, com aproximadamente

63,13% do Produto Interno Bruto (PIB) do Esṕırito Santo. Nessa região encontram-se

atividades de siderurgia, pelotização, mineração (pedreiras), cimenteira, indústria ali-

ment́ıcia, usina de asfalto, etc. No ano de 2007 a RMGV possúıa 49,18% da frota veicular

total do estado (IJSN, 2008).

No que se refere ao relevo, a RMGV é caracterizada por: cadeias montanhosas nas

porções Noroeste (Mestre Álvaro) e Oeste (Região Serrana); plańıcies (Aeroporto e man-

guezais) e planaltos (Planalto Serrano) na porção Norte; e plańıcies (Barra do Jucu) na

porção Sul. Todas porções são intercaladas por maciços rochosos de pequeno e médio

porte. As condições de relevo no geral são favoráveis, em grande parte da região, à

circulação de ventos para dispersão de poluentes (IEMA, 2006).

4.2 Rede Automática de Monitoramento da Qualidade do Ar

O ińıcio do funcionamento da Rede Automática de Monitoramento da Qualidade do

Ar (RAMQAr) foi no ano de 2000. A rede é de propriedade e responsabilidade do Instituto

Estadual de Meio Ambiente e Recursos Hı́dricos (IEMA). A RAMQAr é composta de 9

estações de monitoramento distribúıdas nos munićıpios da RMGV da seguinte forma: 3

estações no munićıpio de Serra (Laranjeiras, Carapina e Cidade Continental); 3 estações no

munićıpio de Vitória (Jardim Camburi, Enseada do Suá e Centro); 2 estações no munićıpio

de Vila Velha (Ibes e Centro) e 1 estação no munićıpio de Cariacica (Vila Capixaba). A

localização espacial das estações de monitoramento da RAMQAr encontra-se na Figura

4.1.

Os poluentes monitorados nas estações da RAMQAr são: dióxido de enxofre (SO2),

part́ıculas totais em suspensão (PTS), part́ıculas inaláveis (MP10), part́ıculas respiráveis

(MP2,5), ozônio (O3), óxidos de nitrogênio (NOX), monóxido de carbono (CO) e hidrocar-

bonetos (HC). Além desses poluentes, alguns parâmetros meteorológicos são monitorados:

direção escalar do vento (DV), desvio padrão da direção do vento (SV), velocidade escalar
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Figura 1: Estações de monitoramento da qualidade do ar na Grande Vitória.

Tabela 3: Localização das estações da RAMQAr

Estação Localização Bairro 
Início da 

Operação 

Coordenadas (m) 

Leste Norte 

RAMQAr 1 Hospital Dório Silva Laranjeiras 2000 369917 7766305 

RAMQAr 2 ArcelorMittal Tubarão Carapina 2000 368945 7762315 

RAMQAr 3 Unidade de Saúde Jardim Camburi 2000 367429 7760371 

RAMQAr 4 Corpo de Bombeiros Enseada do Suá 2000 365266 7753279 

RAMQAr 5 Ministério da Fazenda Centro (Vitória) 2005 360857 7752450 

RAMQAr 6 
4º Batalhão da Polícia 

Militar 
IBES 2000 362532 7749346 

RAMQAr 7 
Ao lado do Colégio 

Marista 
Centro (Vila Velha) 2000 365354 7750721 

RAMQAr 8 
CEASA Vila Capixaba 

(CEASA) 
2000 353697 7749998 

RAMQAr 9 ArcelorMittal Tubarão Cidade Continental 2011 371218 7763588 
 

Fonte: Instituto Estadual de Meio Ambiente e Recursos Hı́dricos do Estado do Espı́rito Santo (2018)

Figura 4.1 – Localização espacial das estações da RAMQAr.

do vento (VV), precipitação pluviométrica (PP), umidade relativa do ar (UR), tempera-

tura do ar (T), pressão atmosférica (P) e radiação solar (I). Nem todos os poluentes e

parâmetros meteorológicos são monitorados por todas as estações. Os poluentes e os

parâmetros meteorológicos monitorados por cada estação estão mostrados na Tabela 4.1.

Tabela 4.1 – Poluentes e parâmetros meteorológicos em cada estação da RAMQAr.

Estação PTS MP10 MP2,5 SO2 CO NOX HC O3 Meteorologia

Laranjeiras X X X X X X
Carapina X X DV,SV,VV,UR,PP,P,T,I
Jardim Camburi X X X X
Enseada do Suá X X X X X X X X DV,SV,VV
Vitória Centro X X X X X X
Ibes X X X X X X X X DV,SV,VV,T,UR
Vila Velha Centro X X
Vila Capixaba X X X X X X DV,SV,VV,T,UR
Cidade Continental X X X DV,VV

A estação da Enseada do Suá e a estação do Ibes são as únicas que registram as

concentrações de todos os poluentes, enquanto apenas a estação de Carapina monitora

todos os parâmetros meteorológicos.
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4.3 Dados

Esta tese foi realizada, à exceção do apêndice, utilizando os dados de MP10 medidos

em estações da RAMQAr nos anos de 2018 e de 2019. Os dados são fornecidos em médias

horárias de concentrações medidas em µg/m3.

4.4 Software Estat́ıstico

As metodologias consideradas e toda análise efetuada foi realizada no software R. Além

de ser gratuito, o R possui um grande número de procedimentos estat́ısticos convencionais,

entre eles estão os modelos lineares, modelos de regressão não linear, análise de séries

temporais, testes estat́ısticos paramétricos e não paramétricos, análise multivariada, etc.

Esse software dispõe ainda de uma grande quantidade de funções para o desenvolvimento

de ambiente gráfico e criação de diversos tipos de apresentação de dados (REISEN; SILVA,

2011).
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5 Resultados e Discussões

Nesta seção encontram-se os resultados e as discussões referentes à esta pesquisa com-

pilados no formato de dois artigos cient́ıficos.
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5.1 Robust Local Bootstrap for Weakly Stationary Time Series in

the Presence of Additive Outliers

Carlo Corrêa Solci Valdério Anselmo Reisen Paulo Jorge Canas Rodrigues

Abstract

The aim of this paper is to propose a generalization of the local bootstrap for pe-

riodogram statistics to the case when weakly stationary time series are contaminated

by additive outliers. In order to achieve robustness, we suggest to replace the classical

version of the periodogram with the M-periodogram in the local bootstrap procedure.

The robust bootstrap periodogram is implemented in the Whittle estimator to obtain

confidence intervals for the parameters of a time series model. A finite sample size inves-

tigation was conducted to compare the performance of the classical local bootstrap with

the one proposed in this paper, to estimate 95% confidence intervals for the parameters

of autoregressive and of seasonal autoregressive time series. The results have shown that

the robust estimator is resistant to additive outlier contamination and produces confi-

dence intervals with coverage percentage closer to 95% and with lower amplitudes than

the ones obtained with the classical estimator, even for small percentages and magni-

tudes of outliers. It was also empirically demonstrated that when the expected number

of outliers is kept constant, the coverage percentages of the confidence intervals of the

robust estimators tend to 95% as the sample size increases. An application to the daily

mean concentration of the particulate matter with diameter smaller than 10 µm (PM10)

was considered to illustrate the methodologies in a real data context. All the results pre-

sented here give strong motivation to use the proposed robust methodology in practical

situations in which weakly stationary time series are contaminated by additive outliers.

Keywords. Bootstrap; Periodogram; Robust estimation; Whittle estimator; PM10 pol-

lutant.

5.1.1 Introduction

The bootstrap is a resampling technique that provides tools for statistical analysis

without requiring rigorous structural assumptions. It was initially proposed by Efron

(1979), but despite its efficiency for independent and identically distributed (i.i.d.) vari-

ables, it was shown by Singh (1981) that Efron’s methodology is inadequate to the case

of dependent data. Due to this fact, several approaches to perform the bootstrap in time

series have been proposed, as addressed, for example in Lahiri (2003) and Kreiss & Pa-

paroditis (2011). In time series, the bootstrap approaches can be built in the time and

frequency domains.



Caṕıtulo 5. Resultados e Discussões 35

As well-known, an important quantity for time series analysis in the frequency domain

is the spectral density function which can be estimated classically by the periodogram,

hence the bootstrap in this domain generates periodogram replicates. In this context, the

bootstrap in the frequency domain has an advantage over the one in the time domain

since, for weakly stationary processes, the periodogram ordinates are nearly independent

(a more precise definition is that they are asymptotically independent). Thus, the classical

bootstrap approach of drawing with replacement of Efron (1979) can be potentially applied

to them. There are several bootstrap approaches in the frequency domain, some examples

are the multiplicative residual bootstrap of Franke & Härdle (1992), the local bootstrap

of Paparoditis & Politis (1999) and the hybrid bootstrap of Kreiss & Paparoditis (2003).

The bootstrap methodologies in the frequency domain are useful to estimate popula-

tion quantities, such as the standard error and the quantiles of some statistic of interest,

based on the sampling distribution of estimators that are functions of the periodogram.

Among these approaches, a particularly interesting one is the local bootstrap of Papar-

oditis & Politis (1999) because of its simplicity to implement and its similarity to the

approach of Efron (1979). Due the fact that the distribution of each periodogram ordi-

nate is a function of its frequency, the resampling is performed locally, that is, by choosing

with replacement between periodogram ordinates corresponding to frequencies which are

near to the frequency of interest.

In order to use the local bootstrap to obtain confidence intervals of the parameter

vector φ of weakly stationary time series models, it is necessary to estimate the values

of these parameters as functionals of the periodogram IN(λ) of a sample Y1, Y2 . . . , YN ,

as well as of the parametric spectral density f(λ,φ) of the process {Yt}, t ∈ Z. This

can be achieved by using an important class of estimators that are obtained through the

minimization of the criterion
∫ π
−π

{
log f(λ,φ) + IN (λ)

f(λ,φ)

}
dλ, which are well-known as the

Whittle estimators and were initially proposed byWhittle (1953). The confidence intervals

of φ, computed by using local bootstrap, are obtained without having to make parametric

assumptions about the form of the underlying population {Yt}. This makes the local

bootstrap an interesting alternative to estimate confidence intervals of the parameters of

weakly stationary time series models.

It is important to recall that, since the periodogram is a classical estimator of the

spectral density function, it does not have the property of being resistant to additive

outlier contamination. Hence, the Whittle estimators have their performance deteriorated

when there is presence of this kind of observation. In this situation it is more appropriate

to use a robust version of the Whittle estimators which is obtained by replacing the

periodogram IN(λ) in the criterion
∫ π
−π

{
log f(λ,φ) + IN (λ)

f(λ,φ)

}
dλ by a robust counterpart

of IN(λ). In this context, there are some versions of the periodogram that are resistant to

additive outlier contamination such as the Qn-periodogram, see, for example, Molinares,

Reisen & Cribari-Neto (2009), and the M -periodogram, see, for instance, Reisen, Lévy-
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Leduc & Taqqu (2017), Fajardo et al. (2018). The latter has the advantage to provide

an autocovariance function which is positive semidefinite and this motivates the use of

the robust version of the Whittle estimators obtained by using it as the estimator of the

spectral density function. Since the methodology proposed by Paparoditis & Politis (1999)

is based in the resampling of the ordinates of the classical periodogram IN(λ) to obtain

via Whittle estimators the bootstrap confidence intervals of the parameters of weakly

stationary time series, these intervals are shifted to the left when there is contamination

by additive outliers because of the sensitivity of IN(λ) to this type of outlying observation.

In this context, this paper proposes a robust alternative to the local bootstrap of Pa-

paroditis & Politis (1999) which is resistant to additive outlier contamination since it gen-

erates confidence intervals of parameters of weakly stationary time series with a significant

reduction in the aforementioned effect of left shift. The proposed robust local bootstrap

is obtained by replacing the classical periodogram IN(λ) by the robust M -periodogram

IN,ψ(λ) of Reisen, Lévy-Leduc & Taqqu (2017). Hence, the bootstrap versions of the time

series parameters are obtained via the robust Whittle estimator that uses IN,ψ(λ). The

finite sample properties of the robust local bootstrap for series generated by the processes

AR(1) and SARMA(1, 0)× (1, 0)4 under scenarios with and without additive outlier con-

tamination were investigated and compared to the ones of the methodology of Paparoditis

& Politis (1999) through a Monte Carlo study. Furthermore, the daily mean concentra-

tion of the atmospheric pollutant PM10 (particulate matter with diameter smaller than

10 µm) in the Greater Vitória Region, in the Brazilian state of Esṕırito Santo, was used

to illustrate the bootstrap methodologies in a real air quality area application, because

it may present observations with high levels of pollutant concentrations which can be

modeled as additive outliers.

The rest of the paper is organized as follows: Section 5.1.2 summarizes the well-known

local bootstrap of Paparoditis & Politis (1999) and shows how to compute the classical

periodogram based on a regression equation, it also discusses the robust M -periodogram

of Reisen, Lévy-Leduc & Taqqu (2017) and its asymptotic properties; Section 5.1.3 in-

troduces the proposed robust local bootstrap and discusses the Whittle estimator and its

robust counterpart that uses IN,ψ(λ); Section 5.1.4 presents the results of the Monte Carlo

simulation experiment; Section 5.1.5 shows the results of the application of the bootstrap

methodologies to PM10 concentrations; Section 5.1.6 concludes the paper.

5.1.2 The Model, Assumptions, the Local Bootstrap and Spectral Estimators

Let {Yt}, t ∈ Z, be a real valued weakly stationary linear process, i.e., it satisfies the

difference equation

Yt =
∞∑

j=−∞

ψjϵt−j, (5.1)
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where {ϵt}, t ∈ Z, is a sequence of i.i.d. random variables with E(ϵt) = 0, E(ϵ2t ) = σ2

and E(ϵ4t ) < ∞. Moreover, {ψj}, j ∈ Z, is a sequence of constants such that ψ0 = 1 and∑∞
j=−∞ |ψj| <∞.

Since the robust local bootstrap approach proposed in this paper is based on the local

bootstrap method suggested in Paparoditis & Politis (1999), some of their assumptions

are also considered here.

Let Y1, Y2, . . . , YN , be a sample from {Yt} and λj = 2πj/N , j = 0, 1, 2, . . . , N ′, be

the Fourier frequencies with N ′ = [N/2], where [x] is the integer part of x. A classical

non-parametric spectral estimator is the periodogram function which is given by

IN(λj) =
1

2πN

∣∣∣∣∣
N∑
t=1

Yt exp(−iλjt)

∣∣∣∣∣
2

. (5.2)

This definition can be extended for any λ ∈ [−π, π], if we let IN(λ) = IN{r(N, λ)}, where
for λ ∈ [0, π] we have that r(N, λ) is the multiple of 2π/N closest to λ (the smaller one if

there are two), and for λ ∈ [−π, 0) we set r(N, λ) = r(N,−λ).
The local bootstrap procedure relies on the asymptotic independence of the peri-

odogram ordinates as well as in the smoothness of the spectral density function. To

achieve these necessary properties, f(λ) has to fulfill the following conditions.

Remark 1. If the spectral density of Yt in (5.1), which can be obtained by f(λ) =

σ2(2π)−1|
∑∞

j=−∞ ψj exp(−ijλ)|2, satisfies f(λ) > 0 for all λ ∈ [−π, π], and if 0 < λ1 <

· · · < λm < π, then the random vector (IN(λ1), . . . , IN(λm))
′ converges in distribution

to a vector of independent and exponentially distributed random variables, the ith com-

ponent of which has mean f(ωi), i = 1, . . . ,m. Under the additional assumption of∑∞
j=−∞ |j|1/2 |ψj| <∞, we have that Cov(IN(λj), IN(λk)) = O(N−1), if λj ̸= λk. In order

to ensure the smoothness of the spectral density we assume that f(λ) is continuously

differentiable with bounded derivative in [−π, π].

The asymptotic results in Remark 1 show that the periodogram, although is an un-

biased estimator of the spectral density, it is not a consistent estimator, i.e, its variance

Var(IN(λj)) = O(1) (as N → ∞). However, for any two neighboring frequencies, λ1, λ2,

Cov(IN(λ1), IN(λ2)) decreases as N increases. With the assumptions that the errors {ϵt}
are Gaussian white noise processes and

∑∞
j=−∞ |ψj| <∞, we have that asymptotically the

set of random variables {2IN(λj)/f(λj)}, j = 0, 1, . . . , N ′, are independently distributed,

and for j ̸= 0, N/2 (N even), each is asymptotically distributed as a χ2
(2).

The local bootstrap scheme for the periodogram is summarized as follows (for more

details, see Paparoditis & Politis (1999)).

(i) Choose a resampling width kN where kN = k(N) ∈ N and kN ≤ [N ′/2].

(ii) Define i.i.d. discrete random variables J1, J2, . . . , JN ′ , that assume values in the set

{−kN ,−kN + 1, . . . , kN} with probability P(Ji = s) = pkN ,s for s = 0,±1, . . . ,±kN .
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(iii) The bootstrap periodogram is defined by I∗N(λj) = IN(λJj+j) for j = 1, 2, . . . , N ′,

I∗N(λj) = I∗N(−λj) for λj < 0 and for λj = 0 we have I∗N(λj) = 0.

Conditionally on the sample Y1, Y2, . . . , YN , the expected value and variance of the

bootstrap periodogram are, respectively, given by

E{I∗N(λ)|Y1, Y2, . . . , YN} =

kN∑
s=−kN

pkN ,sIN{r(N, λ) + λs} ≡ f̃(λ) (5.3)

and

Var{I∗N(λ)|Y1, Y2, . . . , YN} =

kN∑
s=−kN

pkN ,sI
2
N{r(N, λ) + λs} − f̃ 2(λ). (5.4)

As can be seen from Equations 5.3 and 5.4, f̃(λ) and
∑kN

s=−kN pkN ,sI
2
N{r(N, λ) + λs}

can be thought of as kernel estimators of f(λ) and E{I2N(λ)} = {2 + η(λ)}f 2(λ) + o(1),

respectively, where

η(λ) =

1, if λ = 0 (mod π) ,

0, otherwise.

Thus, in order to ensure the convergence of I∗N(λ), we need to let kN → ∞ as N → ∞ such

that kN = o(N), and the sequence {pkN ,s : −kN ≤ s ≤ kN} has to satisfy
∑kN

s=−kN pkN ,s =

1, pkN ,s = pkN ,−s and
∑kN

s=−kN p
2
kN ,s

→ 0 as kN → ∞.

Under the above assumption, it follows that, in probability, E{I∗N(λ)|Y1, Y2, . . . , YN} →
f(λ) and Var{I∗N(λ|Y1, Y2, . . . , YN)} → (1 + η(λ))f 2(λ). These show that, for a fixed j

and for N → ∞, the bootstrap periodogram I∗N(λj) has the same mean and variance of

IN(λj). The authors also established that I∗N(λj) → IN(λj) in distribution.

In practical situations, pkN ,s is chosen based on

pkN ,s =
W (πsk−1

N )∑kN
s=−kN W (πsk−1

N )
. (5.5)

where W (·) is a sequence of weight functions satisfying, for all λ, W (λ) = W (−λ),
W (λ) ≥ 0, and

∫ π
−πW (λ)dλ = 1,

∫ π
−πW

2(λ)dλ < ∞. W (·) is well-known as a kernel

function, and is widely used to obtain a consistent spectral estimator, i.e, the smoothed

periodogram. Classical examples of W (·) are: Parzen kernel, Daniell kernel, Bartlett-

Priestley kernel, among others (see, for instance, Taniguchi & Kakizawa (2000), Priestley

(1981) for further details).

Alternatively, when comparing the results of the local bootstrap applied to samples

with different sizes it may be more convenient to fix constants ν > 0 and α ∈ (0, 1) in

order to define a resampling bandwidth bN = νN−α as a function of N and calculate the

corresponding resampling width as kN = [NbN/2]. This yields an alternative version of

(5.5) which is given by

pbN ,s =
W{2πs(NbN)−1}∑kN

s=−kN W{2πs(NbN)−1}
.
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As addressed, for example, in Reisen, Lévy-Leduc & Taqqu (2017), Fajardo et al.

(2018), the periodogram in (5.2) can also be computed based on the following regression

equation

Yi = c′Niβ + εi = β(1) cos(iλj) + β(2) sin(iλj) + εi , 1 ≤ i ≤ N, β ∈ R2 , (5.6)

where β = (β(1), β(2)) and εi denotes the deviation of Yi from c′Niβ. Thus, the periodogram

IN(λj) is calculated from

IN(λj) =
N

8π
∥β̂

LS

N (λj)∥2 =
N

8π

(
(β̂

LS,(1)
N (λj))

2 + (β̂
LS,(2)
N (λj))

2
)
=: ILSN (λj), (5.7)

where ∥ · ∥ denotes the classical Euclidian norm and β̂
LS

N (λj) = (β̂
LS,(1)
N (λj), β̂

LS,(2)
N (λj))

′ is

the least-square estimator of β = (β(1), β(2)) in the linear regression model given in (5.6)

computed from

β̂
LS

N (λj) = argmin
β(λj)∈R2

N∑
i=1

(Yi − c′N,i(λj)β(λj))
2, (5.8)

where

c′N,i(λj) = (cos(iλj) sin(iλj)) . (5.9)

5.1.2.1 The M -periodogram Spectral Estimator

As it is well-known, M -estimation is an alternative robust procedure to the least-

square estimation approach. Thus, based on the regression equation in (5.6), the M -

regression estimator is used here to estimate the vector β = (β(1), β(2)) by β̂N,ψ(λj) =

(β̂
(1)
N,ψ(λj), β̂

(2)
N,ψ(λj)), which is the solution of

N∑
i=1

cN,i(λj)ψ(Yi − c′N,i(λj)β̂N,ψ(λj)) = 0, (5.10)

where ψ(·) was chosen as the Huber (1964) function,

ψ(x) = ψδ(x) =

x, if |x| ≤ δ,

sign(x)δ, if |x| > δ.
(5.11)

By analogy to (5.7), the robust periodogram IN,ψ(λj) is defined by

IN,ψ(λj) =
N

8π
∥β̂N,ψ(λj)∥2 =

N

8π

[
(β̂

(1)
N,ψ(λj))

2 + (β̂
(2)
N,ψ(λj))

2
]
. (5.12)

Similarly to IN(λ), this definition can also be extended for any λ ∈ [−π, π], if we let

IN,ψ(λ) = IN,ψ{r(N, λ)} for λ ∈ [0, π] and for λ ∈ [−π, 0) we set r(N, λ) = r(N,−λ).
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Remark 2. The Huber function is chosen here because it satisfies assumptions (A1)-(A4)

of Reisen et al. (2019). These authors establish that, for any fixed j and under the

additional assumption that εi =
∑∞

j=0 ajηi−j, where {ηj}, j ∈ Z, is a sequence of i.i.d.

standard Gaussian random variables as well as that aj is a sequence of constants such

that a0 = 1 and
∑∞

j=0 |aj| <∞, we have

IN,ψ(λj)
d−→ X2 + Y 2

4π(F (c)− F (−c))2
, as N → ∞, (5.13)

where c is a positive constant, F (·) is the cumulative distribution function of ε1,

X ∼ N

(
0,
∑
k∈Z

E{ψ(ε0)ψ(εk)} cos(kλj)

)
, Y ∼ N

(
0,
∑
k∈Z

E{ψ(ε0)ψ(εk)} cos(kλj)

)
(5.14)

and

Cov(X, Y ) =
∑
k∈Z

E{ψ(ε0)ψ(εk)} sin(kλj). (5.15)

As well-addressed in the recent literature, the M -periodogram IN,ψ(·) becomes an al-

ternative spectral estimator for linear time series, with short- and long-memory correlation

structures, such as ARMA and ARFIMA processes, respectively. An overview of robust

spectral estimators for these classes of time series is addressed in Reisen et al. (2019). In

addition to its elegant asymptotic properties, IN,ψ(·) has the interesting empirical prop-

erty of being robust against outliers, while the classical periodogram IN(·) of (5.7) is fully
affected by this type of observations.

5.1.3 The Local Bootstrap and Whittle Estimator Using IN,ψ(·)

We now introduce the local bootstrap using IN,ψ(·), denoted by I∗N,ψ(·). This approach
follows similar guidelines of the local bootstrap scheme discussed previously where kN ,

bN , W , {pkN ,s : −kN ≤ s ≤ kN}, {pbN ,s : −kN ≤ s ≤ kN}, {IN(λj) : 0 ≤ j ≤ N ′}, and
{I∗N(λj) : 0 ≤ j ≤ N ′} are replaced by kN,ψ, bN,ψ, Wψ, {pkN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ},
{pbN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ}, {IN,ψ(λj) : 0 ≤ j ≤ N ′}, and {I∗N,ψ(λj) : 0 ≤ j ≤ N ′},
respectively. The assumptions for kN,ψ, Wψ, and {pkN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ} are kept

the same as of kN , W , and {pkN ,s : −kN ≤ s ≤ kN}, sequentially. Without loss of

generality, we assume here that kN,ψ = kN , bN,ψ = bN , Wψ = W , {pkN,ψ ,s′ : −kN,ψ ≤ s′ ≤
kN,ψ} = {pkN ,s : −kN ≤ s ≤ kN}, and {pbN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ} = {pbN ,s : −kN ≤
s ≤ kN}.

Analogously to the local bootstrap for the classical periodogram, the first two con-

ditional moments of the robust bootstrap periodogram I∗N,ψ(λ) are, respectively, given

by

E{I∗N,ψ(λ)|Y1, Y2, . . . , YN} =

kN,ψ∑
s′=−kN,ψ

pkN,ψ ,s′IN,ψ{r(N, λ) + λs′} ≡ f̃ψ(λ) (5.16)
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and

Var{I∗N,ψ(λ)|Y1, Y2, . . . , YN} =

kN,ψ∑
s′=−kN,ψ

pkN,ψ ,s′I
2
N,ψ{r(N, λ) + λs′} − f̃ 2

ψ(λ). (5.17)

It is important to emphasize that f̃ψ(λ) and
∑kN,ψ

s′=−kN,ψ pkN,ψ ,s′I
2
N,ψ{r(N, λ) + λs′} can be

thought of as robust kernel estimators of f(λ) and E{I2N(λ)}, respectively.

5.1.3.1 Whittle Estimators

To estimate the parameters of the model satisfying Equation 5.1, we consider the

Whittle estimator initially proposed by Whittle (1953) and widely used in the literature

of time series. Let φ be the parameter vector of the process {Yt} with parametric spectral

density f(λ,φ). The estimates of φ, denoted by φ̂W , are obtained by minimizing∫ π

−π

{
log f(λ,φ) +

IN(λ)

f(λ,φ)

}
dλ, (5.18)

where the notation log refers to the natural logarithm and IN(λ) is the periodogram

function defined previously and computed from the sample Y1, . . . , YN , of the process

{Yt}. Equivalently, the Whittle estimator φ̂W can be obtained by minimizing

σ̄2
N(φ) =

1

N

∑
j

IN(λj)

g(λj,φ)
(5.19)

where g(λ,φ) = 2πf(λ,φ)/σ2 and the sum is taken over all frequencies λj = 2πj/N ∈
(−π, π].

The weakly stationary and invertible Autoregressive Moving Average (ARMA(p,q))

model Yt − ϕ1Yt−1 − · · · − ϕpYt−p = ϵt − θ1ϵt−1 − · · · − θqϵt−q, {ϵt} ∼ IID(0, σ2) and

E(ϵ4t ) < ∞, where ϕ(z) = 1 − ϕ1z − · · · − ϕpz
p and θ(z) = 1 − θ1z − · · · − θqz

q have no

common zeroes, is a particular time series model satisfying Equation 5.1. For this model,

we have g(λ,φ) = |θ(e−iλ)|2/|ϕ(e−iλ)|2.

Remark 3. Let φ = (ϕ1, . . . , ϕp, θ1, . . . , θq)
′ and denote by C the parameter set, C = {φ ∈

Rp+q : ϕ(z)θ(z) ̸= 0 for |z| ≤ 1, ϕp ̸= 0, θq ̸= 0, and ϕ(·), θ(·) have no common zeroes}.
Let φ̄N be the estimator in C that minimizes σ̄2

N(φ) for an ARMA process {Yt} with true

parameter values φ0 ∈ C and σ2
0 > 0. Then,

(i) φ̄N
as−→ φ0 and σ̄N(φ̄N)

as−→ σ2
0, as N → ∞, where

as−→ denotes almost sure

convergence.

(ii) φ̄N
d−→ N(φ0, N

−1V −1(φ0)), as N → ∞, where

V (φ0) =
1

4π

∫ π

−π

[
∂ log g(λ,φ0)

∂φ

] [
∂ log g(λ,φ0)

∂φ

]′
dλ,
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with
d−→ denoting convergence in distribution.

The results of items (i) and (ii) are stated in Theorems 10.8.1 and 10.8.2 of Brockwell

& Davis (1991), respectively.

(iii) Replacing IN(λj) by IN,ψ(λj) in Equation 5.19, it is possible to obtain the Whittle

estimator of φ using M-periodogram, i.e, φ̂W,ψ, by minimizing

σ̄2
N,ψ(φ) =

1

N

∑
j

IN,ψ(λj)

g(λj,φ)
, (5.20)

where the sum is also taken over all frequencies λj = 2πj/N ∈ (−π, π].

(iv) It can be shown that

φ̂W,ψ

p−→ φ0, as N → ∞, (5.21)

where
p−→ denotes convergence in probability. The proof of the above result follows

similar arguments of Theorem 10.8.1 in Brockwell & Davis (1991). The full proof

is given in Theorem 1 in Reisen, Lévy-Leduc & Solci (2022) (paper in compilation

shown in the Appendix A).

Regarding the local bootstrap estimators discussed here, φ̂∗
W is obtained by replacing

IN(λj) by I
∗
N(λj) in (5.19), while one can get φ̂∗

W,ψ by replacing IN,ψ(λj) by I
∗
N,ψ(λj) in

(5.20). Whereas concerning the conditional expected values of these estimators, φ̃W =

E(φ̂∗
W |Y1, Y2, . . . , YN) can be calculated by replacing IN(λj) by f̃(λj) in (5.19) while one

can obtain φ̃W,ψ = E(φ̂∗
W,ψ|Y1, Y2, . . . , YN) by replacing IN,ψ(λj) by f̃ψ(λj) in (5.20). The

empirical properties of these estimators are discussed in the next section.

5.1.4 Monte Carlo Study

In order to investigate the impact of atypical observations on the estimates obtained

from the methods discussed previously, series of weakly stationary linear processes were

generated with and without outliers. Let {Zt} be defined as follows

Zt = Yt + ωVt (5.22)

where {Yt} is a weakly stationary linear process that satisfies Equation 5.1, additionally,

{Vt} is a sequence of independent random variables with P(Vt = −1) = P(Vt = 1) = ξ/2

and P(Vt = 0) = 1−ξ, ξ ∈ [0, 1). Moreover, for all t and s, {Yt} and {Vs} are independent

variables and ω is the magnitude of the outlier.

The simulation study was carried out via the generation of series of autoregressive and

seasonal autoregressive processes with and without additive outliers. More specifically,

the time series chosen were of AR(1) Yt = ϕYt−1 + ϵt with ϕ = 0.2, 0.5, and 0.8, as well

as of SARMA(1, 0) × (1, 0)S processes Yt = ϕYt−1 + ΦYt−S − ϕΦYt−S−1 + ϵt with S = 4,
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ϕ = 0.5, and Φ = 0.2, 0.5, and 0.7. The series {Yt} of both processes were contaminated

by additive outliers according to Equation 5.22 with prout = ξ = 0.005 and 0.01, and

ω = 0, 4, and 7, generating the processes {Zt}. The parameter values were chosen to

achieve stationarity and low, moderate and strong correlation dependency. The sample

sizes were taken as small (N = 200) and large (N = 400), which are common sample

sizes in practical situations, and for the series of both processes the random variables

ϵt were generated independently and N(0, 1) distributed. It is important to highlight

that the value prout = 0.01 was used for both N = 200 and N = 400, while the value

prout = 0.005 was used only for N = 400, being these choices considered to compare

the results maintaining the probability and the expected number of outliers constant

when the sample size increases. For the robust estimator we have chosen δ = 1.345 in

the Huber function (Equation 5.11) as a compromise between robustness and efficiency.

Additionally, we have used bN,ψ = bN = νN−α, where ν = 0.15 and α = 0.45, being bN

the ‘resampling bandwidth’ of IN(λj), bN,ψ the ‘robust resampling bandwidth’ of IN,ψ(λj),

with these quantities used to obtain the sets of probabilities of choosing the periodogram

ordinates in the bootstrap procedure. The choice of a SARMA(1, 0)× (1, 0)S process was

due to the fact that one of the real data time series analyzed in the Section 5.1.5 follows

a seasonal time series model. Another motivation to simulate a SARMA(1, 0) × (1, 0)S

process is the fact that all the theory given in Section 5.1.3.1 for an ARMA process is

also valid for a SARMA process.

As a means to evaluate if the bootstrap estimates were able to mimic some features of

the distributions of interest, we have calculated the estimates of the mean values x = E(x),

of the standard deviation SD(x) =
√

Var(x), of the asymmetry coefficient γ1(x) = E([{x−
x}/SD(x)]3), and of the 95% confidence interval CI95%(y) together with its amplitude A(y)

and coverage percentage P(y). The value of x is ϕ̂∗ for the AR(1) model and can be ϕ̂∗

or Φ̂∗ for the SARMA(1, 0)× (1, 0)S model, while y has the value ϕ̂∗ for the AR(1) model

and can be ϕ̂
∗
or Φ̂

∗
for the SARMA(1, 0) × (1, 0)S model. The results of the bootstrap

estimates for the parameters are shown in Tables 5.1-5.9, for the AR(1) series, and in

Tables 5.10-5.18 for the SARMA(1, 0)× (1, 0)S series. In the following, if a table has the

column IN or I∗N it is to show the type of periodogram used: C denotes the classical andM

designates the robust. For both models, the Bartlett-Priestley kernel was used to calculate

the set of probabilities of the bootstrap. The bootstrap estimates were obtained thorough

the generation of REPMC = 1000 Monte Carlo replicates of {Zt} and, for each of them,

B = 5000 bootstrap replicates of the periodogram were generated, with their related

estimated parameters being denoted by ϕ̂∗(1), ϕ̂∗(2), . . . , ϕ̂∗(B)
or by Φ̂∗(1), Φ̂∗(2), . . . , Φ̂∗(B)

,

which were used to estimate the aforementioned characteristics of the distributions of

interest.

It is important to highlight that to avoid taking average of confidence intervals in the

bootstrap procedure, which would be necessary due to the fact that each Monte Carlo
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replicate generates a confidence interval CI95%(x), where x takes the values of ϕ̂∗ or Φ̂∗,

it was preferred to estimate the 95% bootstrap confidence interval as the 2.5% and the

97.5% percentiles of the empirical distribution of the mean values ϕ̂∗ =
∑B

i=1 ϕ̂
∗(i)/B or

Φ̂∗ =
∑B

i=1 Φ̂
∗(i)/B. For each Monte Carlo replicate these percentile intervals were de-

noted by CI95%(ϕ̂∗) with amplitude A(ϕ̂∗) and coverage percentage P(ϕ̂∗), or by CI95%(Φ̂∗)

with amplitude A(Φ̂∗) and coverage percentage P(Φ̂∗). The choice of this methodology to

estimate the bootstrap confidence interval is due to the fact that the average of intervals

of certain confidence level usually does not maintain the same confidence level of the in-

tervals of which the average was taken. In this context, we have to emphasize that Tables

5.1-5.18, which display the results of the bootstrap estimates, have the average values for

all the calculated estimates (that in the case of the confidence interval as well as of its

amplitude and coverage percentage were calculated based on a single value), and between

parentheses are the standard deviations only of the estimates of the mean values, of the

standard deviations and of the asymmetries of the parameters. For the bootstrap confi-

dence intervals, the coverage percentage P(x) was calculated as the percentage of times

in which the true value of the bootstrap estimates, calculated for the uncontaminated

series {Yt} (that can be the component referring to x of φ̃W or φ̃W,ψ), is contained in the

confidence interval of the bootstrap procedure CI95%(x) where x takes the values of ϕ̂∗ or

Φ̂∗.

Tables 5.1-5.18 show that the bootstrap estimates for both the classical and the robust

methodology have coverage percentages close to 95% in the scenarios without contamina-

tion, which demonstrates the efficiency of both methodologies in this scenario. However,

when there is data contamination by additive outliers, only the robust methodologies are

able to maintain coverage percentages close to 95%, while the classical methodologies

perform worse and worse when compared to the robust ones as the value of prout or of ω

increases. In this context, it is important to emphasize that the confidence intervals of the

robust approaches had coverage percentages tending to 95% as the sample size increases

while the expected number of outliers is kept constant, i.e., when we go from the scenario

with N = 200 and prout = 0.01 to the one with N = 400 and prout = 0.005, as in this

case the outlier effect is diluted with the increase of N . Moreover, it should be noted

that for the scenarios with contamination, the robust methodologies generated confidence

intervals that, when compared to the classical methodologies, in addition to presenting

coverage percentages closer to 95%, they also presented lower amplitudes. This gives

empirical evidence that the robust local bootstrap is a good alternative to estimate confi-

dence intervals of parameters of weakly stationary time series for which there is suspect of

contamination by additive outliers. When compared to the local bootstrap of Paparoditis

& Politis (1999), it has similar performance when there is no outlier contamination and

it generates intervals with better performance in terms of both amplitude and coverage

percentage in the presence of additive outliers in the data.
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Table 5.1 – Bootstrap Estimates for ϕ = 0.2 with REPMC = 1000, B = 5000, prout = 0.01
and N = 200.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
C 0.1816(0.0709) 0.0533(0.0076) -0.1001(0.0743) (0.0471,0.3160) 0.2689 0.9490
M 0.1716(0.0713) 0.0534(0.0077) -0.0964(0.0750) (0.0350,0.3103) 0.2753 0.9470

4
C 0.1566(0.0724) 0.0544(0.0079) -0.0897(0.0737) (0.0123,0.2955) 0.2832 0.9390
M 0.1652(0.0694) 0.0541(0.0077) -0.0902(0.0715) (0.0266,0.2926) 0.2660 0.9430

7
C 0.1282(0.0792) 0.0535(0.0073) -0.0766(0.0751) (-0.0157,0.2843) 0.3000 0.9140
M 0.1662(0.0732) 0.0540(0.0076) -0.0933(0.0730) (0.0153,0.3074) 0.2921 0.9420

Table 5.2 – Bootstrap Estimates for ϕ = 0.2 with REPMC = 1000, B = 5000, prout =
0.005 and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
C 0.1929(0.0490) 0.0400(0.0043) -0.0749(0.0481) (0.0976,0.2910) 0.1934 0.9480
M 0.1837(0.0496) 0.0401(0.0043) -0.0716(0.0498) (0.0844,0.2827) 0.1983 0.9490

4
C 0.1808(0.0489) 0.0401(0.0041) -0.0673(0.0482) (0.0852,0.2776) 0.1924 0.9400
M 0.1814(0.0490) 0.0400(0.0041) -0.0673(0.0471) (0.0851,0.2740) 0.1889 0.9460

7
C 0.1540(0.0543) 0.0402(0.0041) -0.0615(0.0480) (0.0448,0.2587) 0.2139 0.9290
M 0.1757(0.0485) 0.0401(0.0044) -0.0665(0.0468) (0.0765,0.2712) 0.1947 0.9450

Table 5.3 – Bootstrap Estimates for ϕ = 0.2 with REPMC = 1000, B = 5000, prout = 0.01
and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

4
C 0.1638(0.0497) 0.0402(0.0042) -0.0641(0.0478) (0.0665,0.2581) 0.1916 0.9120
M 0.1737(0.0487) 0.0401(0.0042) -0.0675(0.0492) (0.0825,0.2694) 0.1869 0.9450

7
C 0.1325(0.0550) 0.0402(0.0040) -0.0535(0.0492) (0.0243,0.2400) 0.2157 0.8220
M 0.1761(0.0501) 0.0401(0.0041) -0.0685(0.0483) (0.0772,0.2696) 0.1924 0.9400

Table 5.4 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prout = 0.01
and N = 200.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
C 0.4745(0.0631) 0.0481(0.0091) -0.2818(0.0989) (0.3438,0.5873) 0.2435 0.9430
M 0.4546(0.0667) 0.0488(0.0090) -0.2690(0.0976) (0.3170,0.5756) 0.2586 0.9470

4
C 0.4184(0.0748) 0.0515(0.0090) -0.2548(0.0987) (0.2660,0.5645) 0.2985 0.9140
M 0.4354(0.0685) 0.0506(0.0088) -0.2651(0.1028) (0.2934,0.5700) 0.2766 0.9380

7
C 0.3568(0.0980) 0.0526(0.0092) -0.2181(0.0993) (0.1688,0.5425) 0.3737 0.8100
M 0.4412(0.0681) 0.0499(0.0090) -0.2616(0.0984) (0.2996,0.5647) 0.2651 0.9360

5.1.5 An Application to the Air Quality Area

The application is based on a data set (air pollutant variables) collected at Automatic

Air Quality Monitoring Network (RAMQAr) in the Greater Vitória Region (GVR) in the

Brazilian state of Esṕırito Santo, which is composed by nine monitoring stations placed in
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Table 5.5 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prout =
0.005 and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
C 0.4889(0.0438) 0.0356(0.0048) -0.2078(0.0635) (0.4012,0.5747) 0.1735 0.9460
M 0.4689(0.0461) 0.0363(0.0049) -0.1988(0.0606) (0.3732,0.5593) 0.1861 0.9460

4
C 0.4597(0.0482) 0.0367(0.0049) -0.1989(0.0613) (0.3567,0.5509) 0.1942 0.9210
M 0.4587(0.0448) 0.0368(0.0049) -0.1962(0.0598) (0.3708,0.5429) 0.1721 0.9430

7
C 0.4169(0.0644) 0.0381(0.0053) -0.1788(0.0606) (0.2917,0.5369) 0.2452 0.8610
M 0.4590(0.0457) 0.0367(0.0049) -0.1935(0.0602) (0.3690,0.5461) 0.1771 0.9420

Table 5.6 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prout = 0.01
and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

4
C 0.4347(0.0499) 0.0374(0.0047) -0.1882(0.0595) (0.3328,0.5251) 0.1923 0.7890
M 0.4497(0.0465) 0.0369(0.0046) -0.1934(0.0596) (0.3568,0.5408) 0.1840 0.9380

7
C 0.3580(0.0661) 0.0396(0.0050) -0.1518(0.0589) (0.2284,0.4792) 0.2508 0.3910
M 0.4497(0.0456) 0.0371(0.0049) -0.1924(0.0578) (0.3595,0.5370) 0.1775 0.9300

Table 5.7 – Bootstrap Estimates for ϕ = 0.8 with REPMC = 1000, B = 5000, prout = 0.01
and N = 200.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
C 0.7677(0.0435) 0.0360(0.0102) -0.6529(0.2035) (0.6731,0.8410) 0.1679 0.9330
M 0.7494(0.0479) 0.0377(0.0105) -0.6260(0.1950) (0.6410,0.8311) 0.1901 0.9400

4
C 0.7216(0.0622) 0.0420(0.0118) -0.6117(0.2024) (0.5812,0.8246) 0.2434 0.8470
M 0.7259(0.0575) 0.0408(0.0114) -0.6037(0.1934) (0.5985,0.8275) 0.2290 0.9260

7
C 0.6509(0.0944) 0.0480(0.0144) -0.5452(0.1932) (0.4562,0.8127) 0.3565 0.7610
M 0.7236(0.0569) 0.0406(0.0115) -0.6007(0.1968) (0.6020,0.8261) 0.2241 0.9100

Table 5.8 – Bootstrap Estimates for ϕ = 0.8 with REPMC = 1000, B = 5000, prout =
0.005 and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
C 0.7822(0.0324) 0.0257(0.0058) -0.4800(0.1221) (0.7154,0.8388) 0.1234 0.9430
M 0.7664(0.0358) 0.0269(0.0060) -0.4590(0.1165) (0.6925,0.8298) 0.1373 0.9410

4
C 0.7624(0.0374) 0.0274(0.0062) -0.4627(0.1220) (0.6818,0.8284) 0.1466 0.9110
M 0.7559(0.0368) 0.0276(0.0059) -0.4498(0.1207) (0.6793,0.8250) 0.1457 0.9350

7
C 0.7190(0.0584) 0.0316(0.0076) -0.4377(0.1168) (0.5982,0.8176) 0.2194 0.8160
M 0.7515(0.0370) 0.0284(0.0063) -0.4490(0.1138) (0.6768,0.8206) 0.1438 0.9320

strategic locations and accounts for the measuring of several atmospheric pollutants and

meteorological variables in the area. GVR is comprised of seven cities with a population

of approximately 2 million inhabitants in an area of 2319 km2. The region is situated

along the South Atlantic coast of Brazil (latitude 20◦19′15′′S, longitude 40◦20′10′′W) and
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Table 5.9 – Bootstrap Estimates for ϕ = 0.8 with REPMC = 1000, B = 5000, prout = 0.01
and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

4
C 0.7372(0.0439) 0.0303(0.0071) -0.4451(0.1184) (0.6446,0.8134) 0.1688 0.7790
M 0.7410(0.0393) 0.0296(0.0068) -0.4437(0.1187) (0.6588,0.8131) 0.1543 0.9020

7
C 0.6658(0.0677) 0.0356(0.0079) -0.3945(0.1150) (0.5231,0.7824) 0.2593 0.3940
M 0.7379(0.0401) 0.0295(0.0063) -0.4320(0.1134) (0.6500,0.8113) 0.1613 0.8720

has a tropical humid climate, with average temperatures ranging from 24 ◦C to 30 ◦C. The

data sets considered in this paper are of the pollutant Particulate Matter with diameter

smaller than 10 µm (PM10), measured hourly, in µg/m3, collected at the stations located

in Downtown Vila Velha and Jardim Camburi areas.

We will denote the PM10 concentrations in the stations of Downtown Vila Velha and

Jardim Camburi by PMVV
10 and PMJC

10 , respectively. These data sets include daily average

concentrations from January 1, 2018 to September 22, 2019, which keep a sample size,

N = 630, multiple of the natural choice to the seasonality S = 7 and it is equivalent

to 90 full weeks. Due to skewness and some evidences of time varying variance, the

natural logarithm transformation (log) was used and the plots of the log(PMVV
10 ) and

log(PMJC
10 ) are displayed in Figures 5.1 and 5.2, respectively. From these figures, one

can see large peaks of PM10 concentration which may be viewed here as outliers, and

these high levels can provoke serious damage to some statistics, such as the mean and the

standard deviation and, therefore, may affect the sample correlation structure as well as

the periodogram of the series, causing misleading results. The existence of any outlier’s

effect will be assessed by comparing the results of robust and classical approaches while the

presence of deterministic trends must be firstly removed from log(PMVV
10 ) and log(PMJC

10 )

before further analysis. This will be discussed in the sequence, where a linear model with

errors following an AR(p) process is fitted to log(PMVV
10 ) and a linear model with errors

following a SARMA(p̃, 0)× (P, 0)S process is fitted to log(PMJC
10 ).

0 100 200 300 400 500 600

2.
0

2.
5

3.
0

3.
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Figure 5.1 – Plot of the log(PMVV
10 ) time series.
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Figure 5.2 – Plot of the log(PMJC
10 ) time series.

From the analysis of Figures 5.1 and 5.2, it can be concluded that both time series

under study have a linear trend and a more complex trend that can be modeled by cubic

b-splines basis functions B3
k(t) with df = 8 and d̃f = 7 degrees of freedom, for the series

log(PMVV
10 ) and log(PMJC

10 ), respectively. Hence, the following model is suggested here to

fit the PM10 concentrations of Downtown Vila Velha

log(PMVV
10,t) = µ+ αt+

df∑
k=1

B3
k(t)βk + Yt; (5.23)

ϕp(B)Yt = ϵt, (5.24)

where B is the backshift operator that satisfies Bjxt = xt−j, additionally, we have that

ϕp(B) = 1 − ϕ1B − ϕ2B
2 − · · · − ϕpB

p. While for the Jardim Camburi data we propose

the use of

log(PMJC
10,t) = µ̃+ α̃t+

d̃f∑
k=1

B3
k(t)β̃k + Ỹt; (5.25)

ΦP (B
S)ϕ̃p̃(B)Ỹt = ϵ̃t, (5.26)

where B is the backshift operator, ϕ̃p̃(B) = 1 − ϕ̃1B − ϕ̃2B
2 − · · · − ϕ̃p̃B

p̃, ΦP (B
S) =

1 − Φ1B
S − Φ2B

2S − · · · − ΦPB
PS, and the superscript ˜ was used to differentiate the

parameters of the linear model and of the time series related to Jardim Camburi from the

ones regarding Downtown Vila Velha.

The model in Equations 5.23 and 5.24 as well as the one of Equations 5.25 and 5.26

were fitted based on following two steps procedure: (i) the linear models in (5.23) and

(5.25) are estimated through the ordinary least squares procedure; and (ii) the AR(p)

model in (5.24) and the SARMA(p̃, 0)× (P, 0)S model in (5.26) are fitted to the residuals

of their respective linear model in step (i), where the AR with order p as well as the

AR with order p̃, and the seasonal AR with order P , are identified through the Schwartz

Information Criterion (BIC) proposed by Schwarz (1978).
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The estimated coefficients of the linear models in Equations 5.23 and 5.25, fitted

in the first step, are shown in Tables 5.19 and 5.20, respectively. The residuals of the

linear models did not results in rejecting the null hypothesis of level stationarity of the

KPSS test, with a p-value > 0.05. In order to appropriately select the model to fit these

residuals, it is important to analyze their corresponding ACFs which are displayed in

Figures 5.3 and 5.4, respectively. The ACF of Figure 5.3 shows that the residuals may

follow an autoregressive model because it tails off as exponential decay, while the ACF

of Figure 5.4 resembles the one of a seasonal model with S = 7 because it has peaks

of autocorrelation for lags multiple of seven. These are the reasons that motivated the

choices of fitting an AR(p) model and a SARMA(p̃, 0)× (P, 0)S model in the second step.

Table 5.19 – Estimated coefficients of the linear model for the log(PMVV
10 ) time series.

Parameter µ α β1 β2 β3 β4 β5 β6 β7 β8

Estimate 2.9350 0.0003 -0.4426 -0.0755 -0.4514 -0.1064 -0.2772 0.0034 -0.1925 -0.1756

Table 5.20 – Estimated coefficients of the linear model for the log(PMJC
10 ) time series.

Parameter µ̃ α̃ β̃1 β̃2 β̃3 β̃4 β̃5 β̃6 β̃7

Estimate 2.7880 0.0003 -0.3985 0.0454 -0.4135 -0.1085 -0.1351 -0.1177 -0.2572
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Figure 5.3 – ACF of the residuals of the linear model for the log(PMVV
10 ) time series.

The BIC criterion was used to identify the orders of the models and the results are

displayed in Tables 5.21 and 5.22. In order to keep consistency with the simulation study,

δ = 1.345 was fixed in the Huber function (Equation 5.11).

The exact estimates of the AR(p) coefficients are displayed in Table 5.23 while the

SARMA(p̃, 0) × (P, 0)S coefficients are shown in Table 5.24. Based on these results, it

is clear that the robust methods always provided higher coefficient estimates. In this

context, we have that for the AR(p) model the robust estimate of ϕ1 was 10.4% bigger
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Figure 5.4 – ACF of the residuals of the linear model for the log(PMJC
10 ) time series.

Table 5.21 – Selected AR orders using the BIC for the log(PMVV
10 ) time series.

IN BIC p
C -1696.445 1
M -1695.562 1

Table 5.22 – Selected AR orders and seasonal AR orders using the BIC for the log(PMJC
10 )

time series.

IN BIC p̃ P
C -1935.253 1 1
M -1934.989 1 1

than its classical counterpart, while for the SARMA(p̃, 0)×(P, 0)S model we have that, for

instance, the robust estimate of Φ1 was 13.5% bigger than the classical one. This indicates

that the high levels of the pollutant PM10 presented the effects of additive outliers in

both the log(PMVV
10 ) and the log(PMJC

10 ) series since the classical estimates suffered from

memory loss while their robust counterparts were resistant to outlier contamination.

Table 5.23 – Exact estimates of the AR(p) coefficients for the log(PMVV
10 ) time series.

IN ϕ̂1

C 0.3642
M 0.4021

Table 5.24 – Exact estimates of the SARMA(p, 0)× (P, 0)S coefficients for the log(PMJC
10 )

time series.

IN
ˆ̃ϕ1 Φ̂1

C 0.4181 0.1451
M 0.4203 0.1647
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The classical ACF of the residuals of each estimated model is shown in Figure 5.5 for

the log(PMVV
10 ) series, and in Figure 5.6 for the log(PMJC

10 ) series. It can be seen that for

both series all the models were able to fully explain the correlation structure of the data,

despite the eventual outliers effect. Based on the ACF of the residuals, the two estimation

methods for both the AR(p) and the SARMA(p̃, 0)× (P, 0)S models are comparable since

all the estimated residuals look like a white noise process.
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Figure 5.5 – ACF of the residuals of the AR(p) fit for the log(PMVV
10 ) time series.
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Figure 5.6 – ACF of the residuals of the SARMA(p̃, 0)×(P, 0)S fit for the log(PM
JC
10 ) time

series.

The bootstrap estimates of the confidence intervals of the estimated coefficients for

B = 5000 are given in Table 5.25 for the AR(p) coefficients, and in Table 5.26 for the

SARMA(p̃, 0) × (P, 0)S coefficients. It is important to highlight that, similarly to the

Monte Carlo experiment, we have chosen for both models the Bartlett-Priestley kernel

with bN,ψ = bN = 0.15N−0.45 to obtain the set of probabilities to choose the periodogram

ordinates in the bootstrap procedure. Based on these results, it is possible to see that the

confidence intervals of the classical method have a left shift in their limits when compared

to the ones of its robust counterpart. This is also evidence that both the log(PMVV
10 ) and

the log(PMJC
10 ) time series suffered from the effects of additive outliers contamination.

Table 5.25 – Bootstrap estimates of the 95% confidence interval of the AR(p) coefficients
for the log(PMVV

10 ) time series.

I∗N CI95%(ϕ̂
∗
1)

C (0.3015, 0.4259)
M (0.3402, 0.4635)
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Table 5.26 – Bootstrap estimates of the 95% confidence interval of the SARMA(p̃, 0) ×
(P, 0)S coefficients for the log(PMJC

10 ) time series.

I∗N CI95%(
ˆ̃ϕ∗
1) CI95%(Φ̂

∗
1)

C (0.3505, 0.4692) (0.0034, 0.2378)
M (0.3520, 0.4720) (0.0195, 0.2464)

5.1.6 Conclusions

The robust version of the local bootstrap in the periodogram, presented in this pa-

per, had its finite sample performance compared to the one of the classical bootstrap,

through a Monte Carlo experiment. This empirical investigation showed that both the

robust and the classical versions of the bootstrap performed well when the time series

did not have outliers. However, when there was contamination by additive outliers, the

classical bootstrap had its performance completely affected, while the robust one proved

to be very resistant to the contamination, maintaining the coverage percentages of the

confidence intervals close to 95% and presenting lower amplitudes than the classical boot-

strap. The daily mean concentrations of the PM10 collected in the stations of Downtown

Vila Velha and Jardim Camburi, in the Brazilian state of Esṕırito Santo, were analyzed

as an application of the methodologies studied in this paper. This analysis led to the

conclusion that the memory loss occurred in the classical bootstrap caused it to gener-

ate confidence intervals dislocated to the left when compared to the ones obtained by

the robust bootstrap. Based on these investigations, it is possible to conclude that the

robust version of the local bootstrap in the periodogram proved to be an alternative for

estimating confidence intervals of parameters of models of weakly stationary time series

contaminated by additive outliers.
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5.2 Local Bootstrap for Weakly Stationary Time Series in the Pres-

ence of Missing Data and Additive Outliers

Carlo Corrêa Solci Valdério Anselmo Reisen Paulo Jorge Canas Rodrigues

Abstract

This paper proposes a generalization of the classical and of the robust versions of the

local bootstrap for periodogram statistics to the case when weakly stationary time series

have, respectively, missing data and additive outliers in the presence of missing data. In

order to make it possible to work with incomplete time series, we suggest to replace the

series with its amplitude modulated version. A Monte Carlo experiment was carried out

to compare the performance of the bootstrap methodologies proposed in this paper, to

estimate 95% confidence intervals for the parameters of autoregressive time series via the

Whittle estimator. The results have shown that the exact and the bootstrap estimates

provided very similar confidence intervals. For the scenario without outlier contamination

and without missing data, it was demonstrated that both the proposed methodologies are

as efficient as their counterparts for complete time series. When there was presence of

missing data but no outlier contamination, the classical and the robust estimators for

incomplete time series maintained their coverage percentages close to 95%. However,

when there was contamination by additive outliers and presence of missing data, the

classical bootstrap for incomplete time series had its performance completely affected,

while its robust counterpart proved to be very resistant to the contamination, maintaining

the coverage percentages of the confidence intervals close to 95% and presenting lower

amplitudes than its classical counterpart. The daily mean concentration of the particulate

matter with diameter smaller than 10 µm (PM10) data was used in order to illustrate the

proposed methodologies in a real application. All the results presented here give strong

motivation to use the classical and the robust version of the proposed methodology in

practical situations in which weakly stationary incomplete time series, respectively, are

not and are contaminated by additive outliers.

Keywords. Bootstrap; Periodogram; Amplitude Modulation; Robust estimation; Whit-

tle estimator; PM10 pollutant.

5.2.1 Introduction

The bootstrap is a resampling methodology proposed by Efron (1979) for independent

and identically distributed (i.i.d.) variables. This approach was later extended to the

time series context and this extension provides tools for statistical analysis of dependent

data without requiring stringent structural assumptions. Several examples of bootstrap
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methods for dependent data can be found, for example, in Lahiri (2003) and Kreiss &

Paparoditis (2011). It is important to recall that these approaches can be built in the

time and the frequency domains.

In this context, the bootstrap in the frequency domain generates periodogram repli-

cates and, hence, is useful for estimating confidence intervals of statistics which are func-

tions of the periodogram. The bootstrap in the frequency domain has an advantage over

the one in the time domain since, for weakly stationary processes, the periodogram or-

dinates are nearly independent. Therefore, it is possible to apply to them the classical

bootstrap approach of drawing with replacement proposed by Efron (1979). Some exam-

ples of bootstrap methodologies in the frequency domain are the multiplicative residual

bootstrap of Franke & Härdle (1992), the local bootstrap of Paparoditis & Politis (1999)

and the hybrid bootstrap of Kreiss & Paparoditis (2003).

Among the aforementioned methodologies, the local bootstrap of Paparoditis & Politis

(1999) can be highlighted because it is simple and quite similar to the original idea of

resampling with replacement proposed by of Efron (1979). The main difference is that the

resampling is performed locally by choosing with replacement between periodogram ordi-

nates corresponding to frequencies which are near to the frequency of interest. The reason

for the resampling to be performed locally is that it is well-known that the distribution

of each periodogram ordiante is a function of its frequency and, hence, resampling in the

whole set of periodogram ordinates neglects this heterogeneity and leads to misleading

conclusions.

As a means to use the local bootstrap to obtain confidence intervals for the vector

parameter φ of weakly stationary time series models, one needs to estimate the values

of these parameters as functionals of the periodogram IX(λ) of a sample X1, X2 . . . , XN ,

and of the parametric spectral density fX(λ,φ) of the process {Xt}, t ∈ Z. It is possible
to do this by using a class of estimators that are obtained through the minimization of

the criterion
∫ π
−π

{
log fX(λ,φ) +

IX(λ)
fX(λ,φ)

}
dλ, which are known as the Whittle estimators

(WHITTLE, 1953). Besides of its aforementioned simplicity, the local bootstrap has

the advantage of providing estimates of confidence intervals of the parameters of weakly

stationary time series models without requiring for assumptions about the form of the

underlying population {Xt}.
It is important to emphasize that, the classical periodogram cannot be calculated when

a complete sample X1, X2 . . . , XN , is not available and, hence, in this case the Whittle

methodology is not applicable. However, it is possible to use the work of Parzen (1963) and

define an amplitude modulated sequence Yt = atXt, for t = 1, 2, . . . , N , with at = 1, if Xt

is observed and at = 0, if Xt is missing. The concept of amplitude modulation was used by

Dunsmuir & Robinson (1981) to obtain a version of the Whittle methodology which may

be used for incomplete time series, this estimator can be obtained via the minimization of

the criterion
∫ π
−π

{
log fY (λ,φ) +

IY (λ)
fY (λ,φ)

}
dλ. The main disadvantage of the methodology
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proposed by Dunsmuir & Robinson (1981) is that it is not resistant to additive outlier

contamination since it uses the classical version of the periodogram. Therefore, in order

to achieve robustness it is more appropriate to use the estimator obtained through the

minimization of the criterion
∫ π
−π

{
log fY (λ,φ) +

IY,ψ(λ)

fY (λ,φ)

}
dλ, where IY,ψ(λ) is the robust

M -periodogram of Yt, which was proposed by Reisen, Lévy-Leduc & Taqqu (2017).

In this paper we propose a classical and a robust alternative to the local bootstrap

of Paparoditis & Politis (1999) for the case when weakly stationary time series have,

respectively, missing data and additive outliers in the presence of missing data. It is

possible to obtain the proposed local bootstrap methodologies by replacing the classical

periodogram IX(λ) of the complete series X1, X2, . . . , XN by, respectively, the classical

periodogram IY (λ) and the robust M -periodogram IY,ψ(λ) of the amplitude modulated

sequence Y1, Y2, . . . , YN , which is completely available even when a complete record of

the series Xt is not accessible. In order to investigate the finite sample properties of the

classical and of the robust local bootstrap for incomplete time series, it was conducted

a Monte Carlo experiment in which time series were generated by the process AR(1)

under scenarios without missing data and without additive oultlier contamination, with

missing data and without additive outlier contamination, and with missing data and

with additive outlier contamination. Additionally, the daily mean concentration of the

atmospheric pollutant PM10 (particulate matter with diameter smaller than 10µm) in the

Greater Vitória Region, in the Brazilian state of Esṕırito Santo, was used to illustrate the

usefulness of the proposed bootstrap methodologies in a real application in the air quality

area, because it often has the presence of missing data and may present observations with

high levels of pollutant concentrations which can be modeled as additive outliers.

The rest of this article is structured as follows: Section 5.2.2 defines a linear process in

the presence of missing data; Section 5.2.3 shows how to use the methodologies of Parzen

(1963) and Dunsmuir & Robinson (1981) to estimate incomplete weakly stationary time

series; Section 5.2.4 presents the proposed classical version of local bootstrap for times

series in the presence of missing data; Section 5.2.5 introduces the proposed robust version

of local bootstrap for times series in the presence of missing data and of additive outliers;

Section 5.2.6 presents the results of the Monte Carlo experiment; Section 5.2.7 shows the

results of the application of the proposed bootstrap methodologies to PM10 concentrations;

Section 5.2.8 concludes the paper.

5.2.2 Weakly Stationary Linear Process in the Presence of Missing Data

Let {Xt}, t ∈ Z, be a real valued weakly stationary linear process, i.e., it is defined by

the difference equation

Xt =
∞∑

j=−∞

ψjϵt−j, (5.27)



Caṕıtulo 5. Resultados e Discussões 59

where {ϵt}, t ∈ Z, is a sequence of i.i.d. random variables with E(ϵt) = 0, E(ϵ2t ) = σ2 and

E(ϵ4t ) < ∞. Furthermore, {ψj}, j ∈ Z, is a sequence of constants such that ψ0 = 1 and∑∞
j=−∞ |ψj| <∞.

The weakly stationary and invertible Autoregressive Moving Average (ARMA(p,q))

model Yt−ϕ1Yt−1−· · ·−ϕpYt−p = ϵt−θ1ϵt−1−· · ·−θqϵt−q, {ϵt} ∼ IID(0, σ2) and E(ϵ4t ) <∞,

where ϕ(z) = 1−ϕ1z−· · ·−ϕpzp and θ(z) = 1−θ1z−· · ·−θqzq have no common zeroes, is

a particular time series model satisfying Equation 5.27. Following Dunsmuir & Robinson

(1981), we will focus on time series following an ARMA(p,q) model in the remainder of

this paper.

If a sample X1, X2, . . . , XN from the process {Xt} is available, then it is possible

to use the local bootstrap to estimate the confidence intervals of the parameters of a

series that can be represented by (5.27) by using the classical periodogram IX(λj) =

1
2πN

∣∣∣∑N
t=1Xte

iλjt
∣∣∣2 or the robust periodogram IX,ψ(λj) =

N
8π
∥β̂N,ψ(λj)∥2 where the vec-

tor β̂N,ψ(λj) = (β̂
(1)
N,ψ(λj), β̂

(2)
N,ψ(λj)) is obtained via a M -regression estimator and is the

solution of
∑N

i=1 cN,i(λj)ψ(Yi− c′N,i(λj)β̂N,ψ(λj)) = 0 where ψ(·) was chosen as the Huber

(1964) function. Sometimes, such a complete record is not available and the original ver-

sion of local bootstrap proposed by Paparoditis & Politis (1999) or its robust counterpart

cannot be applied. In this context, this paper proposes a classical and a robust ver-

sion of the local bootstrap to estimate the confidence intervals of the parameters of time

series that can be written as (5.27) with the aid of the parametric estimation methodol-

ogy of Dunsmuir & Robinson (1981) for the case when the observations occur at times

1 = n1 < n2 < · · · < nM = N and it is assumed that these observation times are

independent of the process {Xt}.

5.2.3 Estimation Criteria for Weakly Stationary Time Series with Missing

Data via Amplitude Modulation

An interesting approach to deal with missing observations in a weakly stationary time

series is to replace our observed sequence, with its missing values, by a related series which

can be handled like a stationary series of equally spaced observations. In this context,

following Parzen (1963), we introduce the amplitude modulated sequence

Yt = atXt, t = 1, 2, . . . , N, (5.28)

where

at =

1, if t = nj for some j,

0, if t ̸= nj for all j.
(5.29)
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The process generating the at’s may be deterministic or random and is assumed to be

independent of the process {Xt}. Now define

ā = N−1

N∑
t=1

at,

Ca(l) = N−1

N−l∑
t=1

atat+l, (5.30)

CY (l) = N−1

N−l∑
t=1

YtYt+l. (5.31)

In terms of these quantities it is possible to define an estimate of γX(l) as γ̄X(l) =

CY (l)/Ca(l). If Xt has a nonzero constant mean µ, then it may be estimated by µ̄ =∑
Yt/
∑
at and, hence, γ̄X(l) would be modified by replacing Yt by Yt − µ̄ throughout.

We also assume the following

Remark 4.

lim
N→∞

Ca(l) = ν(l) almost surely, (for each fixed, finite l)

lim
N→∞

ā = µ almost surely

Parzen (1963) described processes that satisfy the above remark as asymptotically

stationary. For these processes we can define γa(l) = ν(l) − µ2 =
∫ π
−π e

ilλFa(dλ). Under

Remark 4 and some additional conditions, see, for instance, Parzen (1963), Yt is also

asymptotically stationary with

lim
N→∞

CY (l) = γY (l) almost surely,

where γY (l) = ν(l)γX(l) and γX(l) = E(XtXt+l). As addressed, for example, in Dunsmuir

& Robinson (1981) it is possible to define the asymptotic spectrum of Yt as

fY (λ,φ) =

∫ π

−π
fX(λ− ω,φ)Fa(dω) + µ2fX(λ,φ),

where φ is the parameter vector φ = (ϕ1, . . . , ϕp, θ1, . . . , θq, σ
2)′ of Yt. If Fa and µ are

known, then one can minimize

L(φ) = N−1

N−1∑
j=0

{IY (λj)/fY (λj,φ) + log[2πfY (λj,φ)]} (5.32)

to estimate φ. In the above expression

IY (λj) =
1

2πN

∣∣∣∣∣
N∑
t=1

Yte
itλj

∣∣∣∣∣
2

, λj = 2πj/N, 0 ≤ j ≤ N − 1, (5.33)
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is the periodogram of Yt. The expression for L(φ) can be regarded as an analog to

Whittle’s approximation of the Gaussian likelihood for the amplitude modulated sequence

Yt.

Unfortunately, in most of the situations Fa and µ are not completely known. However,

it is possible to circumvent this problem by replacing the spectral density fY (λj,φ) in

L(φ) by

f̄Y (λj,φ) =
2π

N

N−1∑
k=0

fY (λj − λk,φ)Ia(λk), (5.34)

where

Ia(λ) =
1

2πN

∣∣∣∣∣
N∑
t=1

ate
itλ

∣∣∣∣∣
2

is the periodogram of at. The value minimizing

L̄(φ) =
1

N

N−1∑
j=0

{
IY (λj)

f̄Y (λj,φ)
+ log[2πf̄Y (λj,φ)]

}
(5.35)

over an appropriate set of φ values is denoted by φ̄.

In some occasions one might be interested in finding the estimates of a concentrated

vector ξ = (ϕ1, . . . , ϕp, θ1, . . . , θq)
′ which is functionally uncorrelated to σ2. Hence, we

have that φ = (ξ′, σ2)′ and fX(λ,φ) will have the form

fX(λ,φ) =
σ2

2π
gX(λ, ξ). (5.36)

Put φ̄ = (ξ̄
′
, σ̄2)′. Then σ̄2 = σ2(ξ̄), where

σ2(ξ) =
2π

N

N−1∑
j=0

IY (λj)

ḡY (λj, ξ)
(5.37)

and ξ̄ is the value minimizing

M̄(ξ) = log[σ2(ξ)] +
1

N

N−1∑
j=0

log[ḡY (λj, ξ)], (5.38)

where

ḡY (λj, ξ) =
2π

N

N−1∑
k=0

gX(λj − λk, ξ)Ia(λk). (5.39)

To evaluate ḡY (λj, ξ), we need to compute the convolution (5.39) and this has to

be done N times for M(ξ) to be found. When N is large this could be prohibitively

expensive in terms of required computational time. However, the fast Fourier transform

(FFT) algorithm can speed the computations considerably. To compute the ḡY (λj, ξ) one

can carry out in sequence the following four steps, in each of which the FFT may be used.

(i) ā(λj) = N−1
∑N

t=1 ate
itλj , j = 0, 1, . . . , N − 1;
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(ii) b̄k =
∑N−1

j=0 |ā(λj)|2eikλj , k = 0, 1, . . . , N − 1;

(iii) c̄k = N−1
∑N−1

j=0 gX(λj, ξ)e
−ikλj , k = 0, 1, . . . , N − 1;

(iv) ḡY (λj, ξ) =
∑N−1

k=0 b̄kc̄ke
ikλj , j = 0, 1, . . . , N − 1.

One may use the above methodology of minimizing L̄(φ) to estimate the vector pa-

rameter φ of weakly stationary time series in the presence of missing data. However, in

order to obtain estimates of the confidence intervals of these parameters, it may be nec-

essary to make assumptions about the form of the underlying population {Xt} of the full

sample X1, X2, . . . , XN . The next section presents an alternative procedure to estimate

these confidence intervals that does not require for structural assumptions.

5.2.4 The Local Bootstrap in the Presence of Missing Data

One possibility to deal with the presence of missing data is to apply the local bootstrap

of Paparoditis & Politis (1999) to the periodogram of the amplitude modulated sequence

Yt. If we set N ′ = [N/2] where [x] is the integer part of x, then the local bootstrap

approach for the periodogram of a time series that has missing data is described in the

following.

(i) Choose a resampling width kN where kN = k(N) ∈ N and kN ≤ [N ′/2].

(ii) Define i.i.d. discrete random variables J1, J2, . . . , JN ′ , that take values in the set

{−kN ,−kN + 1, . . . , kN} with probability P(Ji = s) = pkN ,s for s = 0,±1, . . . ,±kN .

(iii) The bootstrap periodogram is defined by I∗Y (λj) = IY (λJj+j) for j = 1, 2, . . . , N ′,

I∗Y (λj) = I∗Y (2π − λj) for N
′ + 1 ≤ j ≤ N − 1 and I∗Y (λj) = 0 for λj = 0.

The conditional expected value and variance of the bootstrap periodogram in the

presence of missing data are, respectively, obtained by

E{I∗Y (λj)|Y1, Y2, . . . , YN} =

kN∑
s=−kN

pkN ,sIY (λj + λs) ≡ f̃Y (λj) (5.40)

and

Var{I∗Y (λj)|Y1, Y2, . . . , YN} =

kN∑
s=−kN

pkN ,sI
2
Y (λj + λs)− f̃ 2

Y (λj). (5.41)

It is possible to note from equation (5.40) that f̃Y (λj) can be viewed as a kernel estimator

of fY (λj). Hence, the convergence of I∗Y (λj) can be achieved by letting kN → ∞ as

N → ∞ such that kN = o(N), and the sequence {pkN ,s : −kN ≤ s ≤ kN} needs to fulfill∑kN
s=−kN pkN ,s = 1, pkN ,s = pkN ,−s and

∑kN
s=−kN p

2
kN ,s

→ 0 as kN → ∞.
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One may choose pkN ,s in practical cases as

pkN ,s =
W (πsk−1

N )∑kN
s=−kN W (πsk−1

N )
, (5.42)

where W (·) is a sequence of weight functions that satisfy, for all λ, W (λ) = W (−λ),
W (λ) ≥ 0, and

∫ π
−πW (λ)dλ = 1,

∫ π
−πW

2(λ)dλ < ∞. It is important to recall that W (·)
is a kernel function, which is frequently used to obtain the smoothed periodogram. In

Sections 5.2.6 and 5.2.7 we will choose W (·) as the Bartlett-Priestley kernel.

However, if one wants to compare the results of the local bootstrap applied to samples

with different sizes it might be preferable to fix constants ν > 0 and α ∈ (0, 1) as a

means to define a resampling bandwidth bN = νN−α as a function of N and calculate the

corresponding resampling width as kN = [NbN/2]. This generates an alternative version

of (5.42) which is obtained by

pbN ,s =
W{2πs(NbN)−1}∑kN

s=−kN W{2πs(NbN)−1}
.

In this context, it is important to highlight that after calculating the bootstrap pe-

riodogram I∗Y (λj) of the amplitude modulated sequence Yt, it is possible to obtain the

bootstrap estimator ξ̄
∗
of ξ∗ = (ϕ∗

1, . . . , ϕ
∗
p, θ

∗
1, . . . , θ

∗
q)

′ by replacing IY (λj) by I∗Y (λj) in

(5.37) and then minimizing (5.38). While the conditional expected value of this estimator,

ξ̃ = E(ξ̄
∗|Y1, Y2, . . . , YN) can be calculated by replacing IY (λj) by f̃Y (λj) in (5.37) and

then minimizing (5.38).

Before introducing the robust M -periodogram in the next section, we need to empha-

size that as can be seen, for example, in Reisen, Lévy-Leduc & Taqqu (2017), Fajardo

et al. (2018), the periodogram of (5.33) may be also calculated based on the succeeding

regression equation

Yi = c′Niβ + εi = β(1) cos(iλj) + β(2) sin(iλj) + εi , 1 ≤ i ≤ N, β ∈ R2 , (5.43)

where β = (β(1), β(2)) and εi is the deviation of Yi from c′Niβ. Hence, the periodogram

IY (λj) is calculated from

IY (λj) =
N

8π
∥β̂

LS

N (λj)∥2 =
N

8π

(
(β̂

LS,(1)
N (λj))

2 + (β̂
LS,(2)
N (λj))

2
)
=: ILSY (λj), (5.44)

where ∥ · ∥ designates the classical Euclidian norm and β̂
LS

N (λj) = (β̂
LS,(1)
N (λj), β̂

LS,(2)
N (λj))

′

denotes the least-square estimator of β = (β(1), β(2)) in the linear regression model dis-

played in Equation 5.43 which may be calculated from

β̂
LS

N (λj) = argmin
β(λj)∈R2

N∑
i=1

(Yi − c′N,i(λj)β(λj))
2, (5.45)

where

c′N,i(λj) = (cos(iλj) sin(iλj)) . (5.46)
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5.2.4.1 The Robust M -periodogram

It is important to recall that M -estimation is a robust procedure which is an alter-

native to the classical least-square estimation methodology. Hence, we can apply the

M -regression estimator to the regression equation in (5.43), in order to estimate the vec-

tor β = (β(1), β(2)) by β̂N,ψ(λj) = (β̂
(1)
N,ψ(λj), β̂

(2)
N,ψ(λj)), which is the solution of

N∑
i=1

cN,i(λj)ψ(Yi − c′N,i(λj)β̂N,ψ(λj)) = 0, (5.47)

where as the ψ(·) it was preferred to use the Huber (1964) function,

ψ(x) = ψδ(x) =

x, if |x| ≤ δ,

sign(x)δ, if |x| > δ.
(5.48)

Analogously to (5.44), it is possible to define the robust periodogram IY,ψ(λj) by

IY,ψ(λj) =
N

8π
∥β̂N,ψ(λj)∥2 =

N

8π

[
(β̂

(1)
N,ψ(λj))

2 + (β̂
(2)
N,ψ(λj))

2
]
. (5.49)

Remark 5. The Huber function is chosen here because it satisfies assumptions (A1)-(A4)

of Reisen et al. (2019).

In this context, it is important to highlight that in addition to being an alternative pe-

riodogram for the uncontaminated time series scenario, since it has small loss of efficiency

when compared to its classical counterpart IY (·) of (5.44), theM -periodogram IY,ψ(·) has
the interesting empirical property, which is not shared by the classical periodogram IY (·),
of being robust against additive outlier contamination.

5.2.5 The Robust Local Bootstrap in the Presence of Missing Data

The robust version of the local bootstrap in the presence of missing data will be

denoted in the following by I∗Y,ψ(·). This methodology is similar to the local bootstrap

approach discussed previously where kN , bN , W , {pkN ,s : −kN ≤ s ≤ kN}, {pbN ,s :

−kN ≤ s ≤ kN}, {IY (λj) : 0 ≤ j ≤ N − 1}, and {I∗Y (λj) : 0 ≤ j ≤ N − 1} are

replaced by kN,ψ, bN,ψ, Wψ, {pkN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ}, {pbN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ},
{IY,ψ(λj) : 0 ≤ j ≤ N−1}, and {I∗Y,ψ(λj) : 0 ≤ j ≤ N−1}, respectively. The assumptions

for kN,ψ, Wψ, and {pkN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ} are maintained the same as of kN , W ,

and {pkN ,s : −kN ≤ s ≤ kN}, sequentially. It is assumed, without loss of generality, that

kN,ψ = kN , bN,ψ = bN , Wψ = W , {pkN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ} = {pkN ,s : −kN ≤ s ≤
kN}, and {pbN,ψ ,s′ : −kN,ψ ≤ s′ ≤ kN,ψ} = {pbN ,s : −kN ≤ s ≤ kN}.
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Similarly to the local bootstrap for the classical periodogram, the first two conditional

moments of the robust bootstrap periodogram I∗Y,ψ(λ) are, respectively, obtained by

E{I∗Y,ψ(λj)|Y1, Y2, . . . , YN} =

kN,ψ∑
s′=−kN,ψ

pkN,ψ ,s′IY,ψ(λj + λs′) ≡ f̃Y,ψ(λj) (5.50)

and

Var{I∗Y,ψ(λj)|Y1, Y2, . . . , YN} =

kN,ψ∑
s′=−kN,ψ

pkN,ψ ,s′I
2
Y,ψ(λj + λs′)− f̃ 2

Y,ψ(λj). (5.51)

It is important to highlight that f̃Y,ψ(λj) can be seen as a robust kernel estimator of

fY (λj) and that one may obtain the robust estimate ξ̄ψ of ξ = (ϕ1, . . . , ϕp, θ1, . . . , θq)
′ by

replacing IY (λj) by IY,ψ(λj) in (5.37) and then minimizing (5.38).

In this context, the robust version of the bootstrap periodogram I∗Y,ψ(λj) of the ampli-

tude modulated sequence Yt, may be used to obtain the robust bootstrap estimator ξ̄
∗
ψ of

ξ∗ = (ϕ∗
1, . . . , ϕ

∗
p, θ

∗
1, . . . , θ

∗
q)

′ by replacing IY (λj) by I
∗
Y,ψ(λj) in (5.37) and then minimizing

(5.38). While the conditional expected value of this estimator, ξ̃ψ = E(ξ̄
∗
ψ|Y1, Y2, . . . , YN)

may be obtained by replacing IY (λj) by f̃Y,ψ(λj) in (5.37) and then minimizing (5.38).

The next section discusses the empirical properties of this bootstrap estimator and of its

classical counterpart.

5.2.6 Monte Carlo Experiment

The impact of atypical observations on the estimates obtained from the approaches

discussed previously was investigated through the generation with and without outliers

of time series from weakly stationary linear processes. Let {Zt} be defined as

Zt = Yt + ωVt (5.52)

where {Yt} is a amplitude modulated sequence that satisfies Equation 5.28 with {Xt}
being a weakly stationary linear process satisfying Equation 5.27 and {at} being a se-

quence of independent Bernoulli trials with P(at = 1) = prnm and P(at = 0) = 1− prnm,

prnm ∈ (0, 1], while {Vt} is a sequence of independent random variables with P(Vt =

−1) = P(Vt = 1) = prout/2 and P(Vt = 0) = 1 − prout, prout ∈ [0, 1). Moreover, for all t

and s, {Yt} and {Vs} are independent variables and ω is the magnitude of the outlier.

The Monte Carlo study was conducted through the generation of series of autoregres-

sive processes with and without additive outliers. More specifically, we have chosen time

series of AR(1) processes Xt = ϕXt−1 + ϵt with ϕ = 0.5. The series {Yt} were generated

by choosing prnm = 1 and 0.95, being contaminated by additive outliers according to

Equation 5.52 with prout = 0.005 and 0.01, and ω = 0 and 4, generating the processes
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{Zt}. The parameter value was chosen in order to attain stationarity and moderate cor-

relation dependency. We have chosen small (N = 200) and large (N = 400) sample sizes,

and the random variables ϵt were generated independently and N(0, 1) distributed. It

is important to emphasize that the value prout = 0.01 was used for both N = 200 and

N = 400, while the value prout = 0.005 was used only for N = 400, the reason for these

choices was to compare the results keeping the probability and the expected number of

outliers constant as the sample size increases. As a compromise between robustness and

efficiency, we have chosen δ = 1.345 in the Huber function (Equation 5.48) for the robust

estimator. Furthermore, in order to obtain the sets of probabilities of choosing the peri-

odogram ordinates in the bootstrap procedure, we have used bN,ψ = bN = νN−α, where

ν = 0.15 and α = 0.45, being bN the ‘resampling bandwidth’ of IY (λj), bN,ψ the ‘robust

resampling bandwidth’ of IY,ψ(λj).

With the aim to evaluate if the bootstrap estimates could mimic some characteristics

of the distributions of interest, we have calculated the estimates for the mean values

x = E(x), the standard deviation SD(x) =
√

Var(x), the asymmetry coefficient γ1(x) =

E([{x−x}/SD(x)]3), and the 95% confidence interval CI95%(y) together with its amplitude

A(y) and coverage percentage P(y). The value of x can be ϕ̂ or ϕ̂∗, while y can assume

the values of ϕ̂ or ϕ̂∗. For the exact estimates it was also considered the estimation

of the root mean squared error (RMSE) of the parameter. The results of the exact

estimates of this parameter are displayed in Tables 5.27-5.31, while the results of the

bootstrap estimates of the parameter are shown in Tables 5.32-5.36. In the following, if

a table has the column IN or I∗N it is to show the type of periodogram used: C denotes

the classical periodogram IX(λj) and M designates the robust periodogram IX,ψ(λj),

which are defined only for the case when the complete sample X1, X2, . . . , XN from the

process {Xt} is available; while Cm denotes the classical periodogram IY (λj) and M

designates the robust periodogram IY,ψ(λj), which are also defined for the case when the

observations occur at times 1 = n1 < n2 < · · · < nM = N , since they are calculated for

the amplitude modulated sequence Y1, Y2, . . . , YN . We have chosen the Bartlett-Priestley

kernel to calculate the set of probabilities of the bootstrap. The empirical results were

obtained thorough the generation of REPexac = 10000 Monte Carlo replicates of {Zt} for

the exact estimates, while for the bootstrap estimates, we have generated REPMC = 1000

Monte Carlo replicates of {Zt} and, for each of them, B = 5000 bootstrap replicates of

the periodogram were generated, with their related estimated parameters being denoted

by ϕ̂∗(1), ϕ̂∗(2), . . . , ϕ̂∗(B)
, these quantities were used to estimate the previously mentioned

features of the distributions of interest.

It is necessary to emphasize that to avoid taking average of confidence intervals in

the bootstrap procedure, which would be necessary since each Monte Carlo replicate

generates a confidence interval CI95%(ϕ̂
∗), it was preferred to use the 2.5% and the 97.5%

percentiles of the empirical distribution of the mean values ϕ̂∗ =
∑B

i=1 ϕ̂
∗(i)/B as an
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estimate of the 95% bootstrap confidence interval. For each Monte Carlo replicate these

percentile intervals were designated by CI95%(ϕ̂∗) with amplitude A(ϕ̂∗) and coverage

percentage P(ϕ̂∗). This methodology to estimate the bootstrap confidence interval was

chosen because the average of intervals of certain confidence level in most of the cases

does not maintain the same confidence level of the intervals of which the average is

taken. Hence, it is important to state that Tables 5.32-5.36, which display the results

of the bootstrap estimates, have the average values for all the calculated estimates (that

for the confidence interval together with its amplitude and its coverage percentage were

calculated based on a single value), and between parentheses are shown the standard

deviations just of the estimates of the mean values, of the standard deviations, and of

the asymmetries of the parameters. It is also important to highlight that the coverage

percentage of the exact intervals was estimated as the percentage of times that their

REPexac exact estimates of ϕ are contained in the theoretical asymptotic interval that

each one of them possesses. These intervals can be seen in Taniguchi (1987), and since

an asymptotic distribution for the theoretical interval of the estimators for incomplete

time series and of the robust estimators for complete time series is not available in the

literature, the coverage percentage of them could not be calculated. On the other hand,

the coverage percentage P(ϕ̂∗) of the bootstrap confidence intervals was estimated as the

percentage of times in which the true value of the bootstrap estimates, calculated for the

uncontaminated series {Yt} (that may be ξ̃ or ξ̃ψ), is contained in the confidence interval

of the bootstrap procedure CI95%(ϕ̂∗).

An important aspect of Tables 5.27-5.31 is that they give empirical evidence that the

estimators C, M , Cm and Mm are consistent since there is a reduction in the bias and

in the standard error of them when the sample size is increased in the scenario without

outlier contamination and without missing data. Moreover, in this scenario, increasing

the sample size makes the amplitude of the confidence intervals reduce and the coverage

percentage of the interval of the classical estimator for complete time series C tend to

approximate to 95%. It is also possible to note that when there is presence of missing

data but not of outlier contamination, the confidence intervals for the classical Cm and for

the robust Mm estimators for incomplete time series are very similar to the ones obtained

when prnm = 1 and prout = 0, having a slightly higher amplitude due to the fact that

the available sample size is lower when prnm = 0.95. Furthermore, it is important to

highlight that when there is missing data and outlier contamination, the amplitudes of

classical methodology for incomplete time series Cm are higher than the ones of its robust

counterpart Mm.

Tables 5.32-5.36 show that the bootstrap methodology was efficient in estimating the

values of the mean, of the standard deviation, and of the asymmetry of the parameters.

The biases of the bootstrap mean values were slightly larger than the ones of the exact

estimates in most of the cases but the standard deviations of the bootstrap estimates
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were lower than the exact ones. The asymmetries of the bootstrap procedure had abso-

lute values larger than the asymmetries of the exact methodology in most of the cases.

Furthermore, it is important to highlight that is clear the similarity between the confi-

dence intervals obtained by the exact and the bootstrap estimates, this shows that the

bootstrap was efficient in mimicking the behavior of the distribution of the parameters.

It is possible to note that the bootstrap methodology generates confidence intervals for

the classical estimator for complete time series C with coverage percentages closer to

95% than the ones of the exact estimates. As expected, the bootstrap estimates for the

methodologies C, M , Cm and Mm have coverage percentages close to 95% in the scenario

without outlier contamination and without missing data, which demonstrates the effi-

ciency of these methodologies in this scenario. It is also possible to note that when there

is presence of missing data but not of outlier contamination, the classical Cm and the

robust Mm estimators for incomplete time series have coverage percentages close to 95%

and similar to the ones obtained when prnm = 1 and prout = 0, having in most of the cases

a slightly higher amplitude due to the fact that the available sample size is lower when

prnm = 0.95. This gives empirical evidence that the local bootstrap in the periodogram

for incomplete time series is a good alternative to estimate confidence intervals of parame-

ters of weakly stationary time series in the presence of missing data. However, when there

is data contamination by additive outliers and presence of missing data, only the robust

methodology for incomplete time seriesMm is able to maintain coverage percentages close

to 95%, while its classical counterpart Cm performs worse and worse when compared to

the robust one as the value of prout increases. In this context, it is important to empha-

size that the confidence intervals of the robust approach for incomplete time series Mm

had coverage percentages tending to 95% as the sample size increases while the expected

number of outliers is kept constant, i.e., when we go from the scenario with N = 200,

prnm = 0.95 and prout = 0.01 to the one with N = 400, prnm = 0.95 and prout = 0.005,

as in this case the outlier effect is diluted with the increase of N . Moreover, it should be

noted that for the scenarios with outlier contamination and with missing data, the robust

methodology for incomplete time series Mm generated confidence intervals that, when

compared to its classical counterpart Cm, in addition to presenting coverage percentages

closer to 95%, they also presented lower amplitudes. This gives empirical evidence that

the robust local bootstrap in the periodogram for incomplete time series is a good alter-

native to estimate confidence intervals of parameters of weakly stationary time series in

the presence of missing data and of contamination by additive outliers.

5.2.7 Application to Air Pollution Data

The application is performed on a data set of air pollutant variables collected at Auto-

matic Air Quality Monitoring Network (RAMQAr) in the Greater Vitória Region (GVR)
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Table 5.27 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prnm = 1, prout = 0 and
N = 200.

ω IN ϕ̂ SD(ϕ̂) RMSE(ϕ̂) γ1(ϕ̂) CI95%(ϕ̂) A(ϕ̂) P(ϕ̂)

0

C 0.4826 0.0621 0.0645 -0.1851 (0.3541,0.5982) 0.2441 0.9354
M 0.4629 0.0646 0.0745 -0.1478 (0.3329,0.5830) 0.2501 -
Cm 0.4851 0.0616 0.0634 -0.1782 (0.3589,0.6006) 0.2417 -
Mm 0.4655 0.0642 0.0729 -0.1425 (0.3364,0.5857) 0.2493 -

Table 5.28 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prnm = 0.95, prout =
0.01 and N = 200.

ω IN ϕ̂ SD(ϕ̂) RMSE(ϕ̂) γ1(ϕ̂) CI95%(ϕ̂) A(ϕ̂) P(ϕ̂)

0
Cm 0.4837 0.0657 0.0677 -0.1854 (0.3507,0.6088) 0.2581 -
Mm 0.4612 0.0686 0.0788 -0.1812 (0.3238,0.5905) 0.2667 -

4
Cm 0.4335 0.0767 0.1015 -0.2714 (0.2720,0.5757) 0.3037 -
Mm 0.4456 0.0695 0.0882 -0.2174 (0.3047,0.5741) 0.2694 -

Table 5.29 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prnm = 1, prout = 0 and
N = 400.

ω IN ϕ̂ SD(ϕ̂) RMSE(ϕ̂) γ1(ϕ̂) CI95%(ϕ̂) A(ϕ̂) P(ϕ̂)

0

C 0.4920 0.0436 0.0443 -0.1422 (0.4044,0.5742) 0.1698 0.9446
M 0.4722 0.0455 0.0533 -0.1151 (0.3795,0.5587) 0.1792 -
Cm 0.4932 0.0435 0.0440 -0.1400 (0.4056,0.5752) 0.1696 -
Mm 0.4735 0.0453 0.0525 -0.1127 (0.3814,0.5593) 0.1779 -

Table 5.30 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prnm = 0.95, prout =
0.005 and N = 400.

ω IN ϕ̂ SD(ϕ̂) RMSE(ϕ̂) γ1(ϕ̂) CI95%(ϕ̂) A(ϕ̂) P(ϕ̂)

0
Cm 0.4925 0.0464 0.0470 -0.1608 (0.3987,0.5791) 0.1804 -
Mm 0.4697 0.0482 0.0569 -0.1405 (0.3732,0.5588) 0.1856 -

4
Cm 0.4655 0.0511 0.0617 -0.1403 (0.3614,0.5628) 0.2014 -
Mm 0.4620 0.0486 0.0617 -0.1195 (0.3657,0.5554) 0.1897 -

Table 5.31 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prnm = 0.95, prout =
0.01 and N = 400.

ω IN ϕ̂ SD(ϕ̂) RMSE(ϕ̂) γ1(ϕ̂) CI95%(ϕ̂) A(ϕ̂) P(ϕ̂)

4
Cm 0.4412 0.0545 0.0802 -0.1865 (0.3287,0.5442) 0.2155 -
Mm 0.4544 0.0496 0.0674 -0.1408 (0.3539,0.5491) 0.1952 -

in the Brazilian state of Esṕırito Santo, which is made up by nine monitoring stations

placed in strategic locations and is responsible for measuring of several atmospheric pol-

lutants and meteorological variables in the area. GVR is comprised of seven cities with

a population of approximately 2 million inhabitants in an area of 2319 km2. The re-
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Table 5.32 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prnm = 1,
prout = 0 and N = 200.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0

C 0.4754(0.0610) 0.0482(0.0086) -0.2857(0.0921) (0.3449,0.5882) 0.2433 0.9450
M 0.4546(0.0636) 0.0492(0.0088) -0.2729(0.0933) (0.3241,0.5774) 0.2533 0.9450
Cm 0.4779(0.0606) 0.0479(0.0086) -0.2878(0.0968) (0.3469,0.5901) 0.2432 0.9480
Mm 0.4572(0.0632) 0.0490(0.0087) -0.2703(0.0913) (0.3266,0.5785) 0.2519 0.9450

Table 5.33 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prnm =
0.95, prout = 0.01 and N = 200.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
Cm 0.4772(0.0641) 0.0520(0.0105) -0.2941(0.0988) (0.3411,0.5975) 0.2564 0.9470
Mm 0.4546(0.0671) 0.0529(0.0106) -0.2763(0.0981) (0.3124,0.5751) 0.2627 0.9460

4
Cm 0.4269(0.0757) 0.0545(0.0110) -0.2600(0.1011) (0.2705,0.5638) 0.2933 0.8950
Mm 0.4359(0.0690) 0.0540(0.0106) -0.2625(0.0994) (0.2974,0.5646) 0.2672 0.9420

Table 5.34 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prnm = 1,
prout = 0 and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0

C 0.4855(0.0448) 0.0354(0.0049) -0.2053(0.0605) (0.3950,0.5697) 0.1747 0.9470
M 0.4662(0.0467) 0.0360(0.0049) -0.1952(0.0609) (0.3627,0.5540) 0.1913 0.9470
Cm 0.4867(0.0448) 0.0353(0.0049) -0.2049(0.0608) (0.3965,0.5708) 0.1743 0.9460
Mm 0.4675(0.0467) 0.0360(0.0049) -0.1953(0.0563) (0.3631,0.5550) 0.1919 0.9460

Table 5.35 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prnm =
0.95, prout = 0.005 and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

0
Cm 0.4885(0.0463) 0.0385(0.0057) -0.2118(0.0646) (0.3912,0.5736) 0.1824 0.9460
Mm 0.4661(0.0479) 0.0394(0.0057) -0.2003(0.0604) (0.3707,0.5562) 0.1855 0.9450

4
Cm 0.4610(0.0514) 0.0394(0.0056) -0.2000(0.0607) (0.3596,0.5549) 0.1953 0.9070
Mm 0.4569(0.0481) 0.0395(0.0055) -0.1918(0.0601) (0.3611,0.5485) 0.1874 0.9440

Table 5.36 – Bootstrap Estimates for ϕ = 0.5 with REPMC = 1000, B = 5000, prnm =
0.95, prout = 0.01 and N = 400.

ω I∗N ϕ̂∗ SD(ϕ̂∗) γ1(ϕ̂
∗) CI95%(ϕ̂∗) A(ϕ̂∗) P(ϕ̂∗)

4
Cm 0.4410(0.0544) 0.0406(0.0056) -0.1868(0.0600) (0.3281,0.5442) 0.2161 0.8610
Mm 0.4544(0.0496) 0.0398(0.0055) -0.1916(0.0555) (0.3570,0.5454) 0.1884 0.9270

gion is situated along the South Atlantic coast of Brazil (latitude 20◦19′15′′S, longitude

40◦20′10′′W) and has a tropical humid climate, with average temperatures ranging from

24 ◦C to 30 ◦C. In this paper, we considered the data set of the pollutant Particulate

Matter with diameter smaller than 10µm (PM10), measured hourly, in µg/m3, collected
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at the station located in Downtown Vitória area.
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Figure 5.7 – Plot of the PMDV
10 time series.

In the following the PM10 concentrations in the station of Downtown Vitória will

be denoted by PMDV
10 . This data set is composed by daily average concentrations from

January 1, 2018 to May 15, 2019, which results in a sample size of N = 500. The PMDV
10

time series plot is shown in Figure 5.7. From this figure, one can see the presence of missing

observations, which correspond of 9% of the sample size, as well as of large peaks of PM10

concentration which may be analyzed as outliers and, these high concentrations can cause

significant damage to some statistics, such as the mean and the standard deviation and,

hence, may affect the sample correlation structure as well as the periodogram of the series,

provoking misleading results. In order to appropriately choose a time series model to fit

PMDV
10 , we can use (5.30) and (5.31) to obtain via amplitude modulation its ACF and

PACF which are shown in Figures 5.8 and 5.9, respectively. Since its ACF exponentially

decays and its PACF shows a spike at lag 1 and then cuts off, we have chosen to fit an

AR(1) model to the series PMDV
10 .
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Figure 5.8 – ACF of the amplitude modulated version of the PMDV
10 time series.

The exact estimates of the AR(1) coefficient are given in Table 5.37. It is important

to highlight that, in order to keep consistency with the simulation study, δ = 1.345 was
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Figure 5.9 – PACF of the amplitude modulated version of the PMDV
10 time series.

fixed in the Huber function (Equation 5.48). These results clearly showed that the robust

method provided a higher coefficient estimate. In this context, it is possible to note that

for the AR(1) model the robust estimate of ϕ was 14.7% higher than the classical one.

This is evidence that the high concentrations of the pollutant PM10 presented the effects

of additive outliers in the PMDV
10 series because there was memory loss in the classical

estimate and resistance to outlier contamination in its robust counterpart.

Table 5.37 – Exact estimates of the AR(1) coefficients for the PMDV
10 time series.

IY ϕ̂
Cm 0.2932
Mm 0.3364

The bootstrap estimates of the confidence intervals of the estimated AR(1) coefficient

for B = 5000 are displayed in Table 5.38. It is necessary to emphasize that, similarly to

the Monte Carlo study, we have chosen the Bartlett-Priestley kernel with bN,ψ = bN =

0.15N−0.45 to obtain the set of probabilities to choose the periodogram ordinates in the

bootstrap procedure. These results show that the confidence interval of the classical

method has a left shift in its limits when compared to its robust counterpart. This also

gives evidence that the PMDV
10 time series suffered from the effects of contamination by

additive outliers.

Table 5.38 – Bootstrap estimates of the 95% confidence interval of the AR(1) coefficients
for the PMDV

10 time series.

I∗Y CI95%(ϕ̂
∗)

Cm (0.2109, 0.3649)
Mm (0.2486, 0.4043)
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5.2.8 Conclusions

The classical and the robust versions of the local bootstrap in the periodogram for

time series with missing data, presented in this paper, had their finite sample performance

compared with each other via a Monte Carlo study. The simulation study had results

also for the exact estimates, and it was demonstrated that the exact and the bootstrap

estimates provided very similar confidence intervals, which is evidence of the efficiency of

the boostrap in mimicking the distribution of the parameters. For the scenario without

outlier contamination and without missing data, besides the classical and the robust local

bootstrap for incomplete time series, it was considered the classical and the robust local

bootstrap for complete time series, the results showed that all the methodologies had

coverage percentages close to 95%, which demonstrates that all of them are efficient in

this scenario.

It is also important to highlight that when there was presence of missing data but

not of outlier contamination, the classical and the robust estimators for incomplete time

series had coverage percentages close to 95% and similar to the ones obtained when

prnm = 1 and prout = 0. However, when there was contamination by additive outliers

in the presence of missing data, the performance of classical bootstrap for incomplete

time series was totally affected, while its robust counterpart demonstrated to be very

resistant to the contamination, since it was able to maintain the coverage percentages of

the confidence intervals close to 95% and presented lower amplitudes than the classical

bootstrap for incomplete time series. An analysis of the daily mean concentrations of

the PM10 collected in the station of Downtown Vitória, in the Brazilian state of Esṕırito

Santo, was considered as an application of the methodologies studied in this article. The

conclusion of this analysis was that the memory loss suffered by the classical bootstrap

for incomplete time series was the reason for it generate confidence intervals dislocated to

the left when compared to the ones obtained by its robust counterpart. Based on these

investigations, it is possible to conclude that the classical and the robust version of the

local bootstrap in the periodogram for incomplete time series proved to be an alternative

for estimating confidence intervals of parameters of models of weakly stationary time

series in the presence of missing data which, respectively, are not and are contaminated

by additive outliers.
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6 Conclusões e Trabalhos Futuros

Nesta tese foram propostas metodologias de bootstrap no domı́nio da frequência para

séries temporais fracamente estacionárias na presença de observações faltantes e/ou de

contaminação por observações at́ıpicas aditivas. Os procedimentos de bootstrap sugeri-

dos seguem o prinćıpio do bootstrap local de Paparoditis & Politis (1999), com a robustez

sendo atingida pela substituição do periodograma clássico pelo M -periodograma de Rei-

sen, Lévy-Leduc & Taqqu (2017) e quando há presença de dados faltantes se substitui

a série temporal original pela sua versão de amplitude modulada proposta por Parzen

(1963).

As investigações emṕıricas por meio de experimentos de Monte Carlo mostraram que

as metodologias de bootstrap propostas são eficientes em lidar com a presença de dados

faltantes e/ou de outliers aditivos. Isso se deve ao fato de que quando houve contaminação

por observações at́ıpicas aditivas, as metodologias clássicas tiveram sua performance com-

pletamente afetada, enquanto os procedimentos robustos propostos nesta tese foram ca-

pazes de manter porcentagens de cobertura próximas de 95% e apresentaram amplitudes

menores que as dos clássicos. Além disso, as metodologias propostas para lidar com a

presença de observações faltantes foram capazes de manter porcentagens de cobertura

próximas a 95% e similares às obtidas para séries completas em cenários nos quais foram

geradas séries incompletas nas simulações de Monte Carlo.

As metodologias de bootstrap propostas nesta tese foram aplicadas em séries tempo-

rais de médias diárias do poluente MP10 coletado por estações da RAMQAr. Essa análise

levou à conclusão que a perda de memória ocorrida nas metodologias clássicas as leva a

gerarem intervalos de confiança deslocados para a esquerda quando comparados aos proce-

dimentos robustos. Além disso, é importante ressaltar que para utilizar as metodologias

de bootstrap que não foram desenvolvidas para séries incompletas, é necessária a uti-

lização de técnicas de imputação para obter uma série temporal completa, enquanto que

as metodologias de bootstrap para séries incompletas não requerem o uso dessas técnicas.

Este estudo cria diversas linhas de pesquisa promissoras e que podem ser perseguidas

no futuro, tais como: o estudo da teoria assintótica das metodologias de bootstrap propos-

tas; a extensão dos procedimentos propostos para processos periodicamente estacionários;

e a utilização das metodologias propostas para a obtenção de testes de hipótese de perio-

dicidade por meio do bootstrap para cenários com presença de observações faltantes e/ou

de contaminação por observações at́ıpicas aditivas.
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IBGE. Sinopse do Censo Demográfico 2010. Rio de Janeiro, RJ, 2011. 30
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J. M. Modeling and forecasting daily average PM10 concentrations by a seasonal
long-memory model with volatility. Environmental Modelling & Software, v. 51, p.
286–95, 2014. 83, 91

REISEN, V. A.; SILVA, A. N. O uso da linguagem R para cálculos de estat́ıstica básica.
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A Estudos Adicionais

Neste apêndice são apresentados dois estudos adicionais desta tese, sendo que um está

compilado no formato de artigo cient́ıfico e o outro é um artigo em compilação.
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A.1 Empirical Study of Robust Estimation Methods for PAR Mod-

els with Application to the Air Quality Area

Carlo Corrêa Solci Valdério Anselmo Reisen

Alessandro José Queiroz Sarnaglia Pascal Bondon

Abstract

This paper compares three estimators for periodic autoregressive (PAR) models. The

first is the classical periodic Yule-Walker estimator (YWE). The second is a robust version

of YWE (RYWE) which uses the robust autocovariance function in the periodic Yule-

Walker equations, and the third is the robust least squares estimator (RLSE) based on

iterative least squares with robust versions of the original time series. The daily mean

particulate matter concentration (PM10) data is used to illustrate the methodologies in a

real application, that is, in the Air Quality area.

Keywords. Robust estimation; PAR models; Outliers; PM10 pollutant.

A.1.1 Introduction

Classical time series analysis generally relies on stationarity assumptions, see, e.g.,

Fuller (1976), Priestley (1981), Brockwell & Davis (1991), Shumway & Stoffer (2017).

Despite the broad use of stationary tools, in some cases, this requirement is too re-

strictive. Examples of non-stationary phenomena are unit roots, deterministic trends,

heteroskedasticity, among others.

The periodic correlation (PC) or cyclostationarity property, introduced by the seminal

paper of Gladyshev (1961), deserves special attention due to the fact that this phenomenon

is not revealed by usual stationary tools, which may lead to a model misspecification

(TIAO; GRUPE, 1980). Due to this fact, special methods to identify the presence of PC

in time series have been proposed, see, for example, Hurd & Gerr (1991) and Bloomfield,

Hurd & Lund (1994). PC appears in many areas of application: Gardner & Franks (1975)

investigate cyclostationarity in electrical engineering; Lund et al. (1995) have found PC

in climatological time series; Noakes, McLeod & Hipel (1985) have discovered PC in time

series of monthly river flows, among others.

One of the most popular models for PC is the PAR model, which is a generalization of

the well-known AR model introduced by Box & Jenkins (1970) where the coefficients and

orders vary periodically in time. Estimation methods for the PAR model parameters have

been studied by many authors among, Basawa & Lund (2001), Anderson & Meerschaert

(2005), Sarnaglia, Reisen & Bondon (2015).
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Although the PAR model has been applied in several fields, to the best of our knowl-

edge, it is still relatively unexplored in the air quality research field, especially in the

context of contaminated data. Among the air pollutants, the particulate matter with

diameter smaller than 10µm (PM10), is recognized for its effects on human health and

is one of the most common and important pollution variables collected by an air quality

monitoring network, see, for example, Reisen et al. (2014), Souza et al. (2018) and ref-

erences therein. Note that, the air quality data usually present asymmetric distributions

and large peaks of concentrations. Classical estimators such the sample mean, variance

and autocovariance functions are affected by these observations. This suggests to consider

robust estimators for PAR parameters, like the ones proposed by Shao (2008), Sarnaglia,

Reisen & Lévy-Leduc (2010), Sarnaglia et al. (2016). One issue of this paper is to fit

robust PAR models to PM10 concentrations.

To the best our knowledge, there are no empirical studies in the literature of cyclo-

stationary processes investigating the behaviour of robust estimators under asymmetric

errors and observations which can be identified as atypical or outliers. This paper aims

to investigate finite sample properties of such estimators under asymmetric errors and

atypical observations through a Monte Carlo study. In addition, a pollutant PM10 con-

centration data set is used as an example of application since it may present observations

with high levels of pollutant concentrations that may produce sample distributions with

heavy tails.

The rest of the paper is organized as follows: Section A.1.2 introduces the well-known

PAR model and describes three estimation methods; Section A.1.3 presents and discusses

the results of the Monte Carlo experiment; Section A.1.4 illustrates the use of the esti-

mation methodologies with an application to fit a regression model with PAR errors to

PM10 concentrations; Section A.1.5 concludes the paper.

A.1.2 The PAR Model and its Estimation Methods

Let {Yt}, t ∈ Z, be a stochastic process with E(Y 2
t ) < ∞, µt = E(Yt) and autocovari-

ance γt(h) = Cov(Yt, Yt−h). Process {Yt} has PC or is a periodically stationary process

with period S ∈ N (PSS), if

µt+S = µt and γt+S(h) = γt(h), t, h ∈ Z, (A.1)

S being the smallest integer satisfying (A.1). Now, let t = rS + ν, where r ∈ Z and

ν = 1, . . . , S. It follows from (A.1) that µrS+ν = µν and γrS+ν(h) = γν(h). Therefore, the

autocorrelation ρt(h) = Corr(Yt, Yt−h) satisfies ρrS+ν(h) = ρν(h). In addition, the partial

autocorrelation (PACF) defined as

αt(h) = Corr(Yt, Yt−h|Yt−1, . . . , Yt−h+1) t ∈ Z, h ∈ N,
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see, e.g., Brockwell & Davis (1991), is also periodic in time, i.e., αrS+ν(h) = αν(h). Clearly,

the above functions only depend on the period ν and the lag h. When they do not depend

on ν, {Yt} is a standard stationary time series in the terminology of Box-Jenkins.For

more details, see for example, McLeod (1994), Sarnaglia, Reisen & Lévy-Leduc (2010)

and references therein.

The standard stationary linear model can be extended to the PSS process {YrS+ν} via

YrS+ν =
∑
j∈Z

ψj(ν)ϵrS+ν−j,

where
∑

j∈Z |ψj(ν)| <∞ for ν = 1, . . . , S. The model is causal when ψj(ν) = 0 for j < 0.

In the same way, the model is invertible when∑
j≥0

πj(ν)YrS+ν−j = ϵrS+ν ,

where
∑

j≥0 |πj(ν)| <∞ for ν = 1, . . . , S, see Sarnaglia, Reisen & Lévy-Leduc (2010) and

references therein.

The PAR model is a generalization of the well-known AR process and is one of the

most used models to fit a PSS time series. The PAR model is given in the following

definition.

Definition 1. A zero-mean PSS process {YrS+ν} follows a PAR(pν) model if it satisfies

the difference equation

YrS+ν −
pν∑
i=1

ϕi(ν)YrS+ν−i = σνϵrS+ν , (A.2)

where {ϵt} is a sequence of uncorrelated random variables with E(ϵt) = 0, E(ϵ2t ) = 1 and,

for each cycle ν = 1, . . . , S, ϕν = (ϕ1(ν), . . . , ϕpν (ν))
′ is the AR coefficient vector with

order pν and σ2
ν is the error variance.

Conditions to ensure causality of a PAR model can be derived from its vector AR

representation, see, e.g., Sarnaglia, Reisen & Lévy-Leduc (2010). In particular, for a

PAR(1) model, the causality condition is∣∣∣∣∣
S∏

ν=1

ϕ1(ν)

∣∣∣∣∣ < 1. (A.3)

It is assumed here that p1 = · · · = pS = p and the following notation ϕ = (ϕ′
1, . . . ,ϕ

′
S)

′ =

(ϕ1(1), . . . , ϕp(1), . . . , ϕ1(S), . . . , ϕp(S))
′.
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A.1.2.1 The Yule-Walker Estimator (YWE)

Let Y1, . . . , YnS be a sample from the process {Yt}. The estimates of the periodic

mean µν and autocovariance function γν(h) for ν = 1, . . . , S are, respectively, Ȳν =
1
n

∑n−1
r=0 YrS+ν , and

γ̂ν(h) =
1

n

n−1∑
r=0

(YrS+ν − Ȳν)(YrS+ν−h − Ȳν−h),

where YrS+ν−h is set to zero whenever rS+ ν − h < 1 or rS+ ν − h > nS. Therefore, the

sample ACF is

ρ̂ν(h) =
γ̂ν(h)

[γ̂ν(0)γ̂ν−h(0)]
1
2

.

The sample PACF can be obtained as in Sakai (1982) and Shao & Lund (2004).

The YWE of the PAR coefficients are obtained through the linear equations system

p∑
i=1

ϕi(ν)γν−i(h− i) = γν(h), h = 1, . . . , p, (A.4)

in which γν(h) is replaced by γ̂ν(h). The YWE of ϕ is defined as ϕ̂ = (ϕ̂
′
1, . . . , ϕ̂

′
S)

′ where,

for each ν, ϕ̂ν = (ϕ̂1(ν), . . . , ϕ̂p(ν))
′. Asymptotics results for YWE can be derived under

the following assumption.

Assumption 1. {Yt} is a zero-mean causal PAR process and E(Y 4
t ) <∞, t ∈ Z.

The following result is due to Sarnaglia, Reisen & Lévy-Leduc (2010): Under Assump-

tion 1, the YWE estimator ϕ̂ satisfies

√
n(ϕ̂− ϕ)⇝ NpS(0, G), n→ ∞,

where the ⇝ symbol denotes convergence in distribution.

Other asymptotically equivalent estimators of PAR coefficients are the Least Squares

Estimator (LSE) (BASAWA; LUND, 2001) and the Maximum Likelihood Estimator

(MLE) (LUND; BASAWA, 1999). Due to this equivalence, these estimators will not

be considered in this paper.

As well known, the estimators YWE, LSE and MLE, are not resistant in the presence

of atypical observations (outliers) see, for example, Shao (2008), Sarnaglia, Reisen &

Lévy-Leduc (2010). The lack of robustness of classical estimators has motivated the

investigation of robust approaches in the literature. In the following subsections the

robust methods introduced by Sarnaglia, Reisen & Lévy-Leduc (2010) and Shao (2008)

are summarized and the empirical comparison with YWE estimator is presented in the

Simulation Section.
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A.1.2.2 The Robust Yule-Walker Estimator (RYWE)

Sarnaglia, Reisen & Lévy-Leduc (2010) have proposed a Robust Yule-Walker Estima-

tor (RYWE) which is based on the autocovariance function proposed in Ma & Genton

(2000). Let y = (y1, . . . , yn) ∈ Rn, the robust scale estimator of y proposed by Rousseeuw

& Croux (1993), Qn(y), is defined as the following kth order statistic

Qn(y) = d {|yi − yj| ; 1 ≤ i < j ≤ n}(k) , (A.5)

where d is a constant factor to ensure Fisher-consistency and k =
(
c
2

)
≈ 0.25

(
n
2

)
, where

c = [n/2] + 1 is half of the size n of the vector y. For Gaussian random variables,

d = 2.2191. Given a PSS time series, Y1, . . . , YnS, based on (A.5) Sarnaglia, Reisen &

Lévy-Leduc (2010) define the robust sample (periodic) ACV function by

γ̃ν(h) =
1

4
[Q2

n−r+1(uν + vν)−Q2
n−r+1(uν − vν)], 0 ≤ h < [(n− 1)S+ ν], (A.6)

where uν = (YrS+ν−h, . . . , Y(n−1)S+ν−h), vν = (YrS+ν , . . . , Y(n−1)S+ν). Note that, γ̂ν(h) does

not posses the positive definite property. The RYWE is defined similarly to the YWE.

For each ν = 1, . . . , S, replace, in (A.4), the theoretical ACV, γν(h), by its sample robust

estimator in Equation A.6, γ̃ν(h), and solve the resulting linear equations system

p∑
i=1

ϕi(ν)γ̃ν−i(h− i) = γ̃ν(h), k = 1, . . . , p, (A.7)

for ϕ1(ν), . . . , ϕp(ν). The RYWE estimator is defined as ϕ̃ = (ϕ̃
′
1, . . . , ϕ̃

′
S)

′. The white

noise variance σ2
ν can also be robustly estimated by the same argument as in Equation

A.4 with h = 0.

Assumption 2. For any ν = 1, . . . , S, {YrS+ν ; r ∈ Z} is a mean-zero Gaussian process

with strong mixing coefficients αn satisfying: αn ≤ Cn−a, for some a > 1 and C ≥ 1.

The following result is due to Sarnaglia, Reisen & Lévy-Leduc (2010). Under Assump-

tions 1 and 2, the RYWE estimator ϕ̃i(ν) satisfies

ϕ̃i(ν)− ϕi(ν) = Op(n
−1/2),

for i = 1, . . . , p, ν = 1, . . . , S.

A.1.2.3 The Robust Least Squares Estimator (RLSE)

Shao (2008) proposes an alternative to the conditional Least Squares Estimator (LSE).

The LSE of ϕ can be defined as the solution of the pS-dimensional estimating equations

Sn(ϕν) =
1

σν

n−1∑
r=0

ϵrS+νYrS+ν−i = 0, 1 ≤ i ≤ p, 1 ≤ ν ≤ S, (A.8)
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where the error terms are given by ϵrS+ν = ϵrS+ν(ϕν) = (YrS+ν −
∑p

i=1 ϕi(ν)YrS+ν−i)/σν ,

0 ≤ r < n, 1 ≤ ν ≤ S. Asymptotic properties for the LSE have been studied by Basawa

& Lund (2001).

Shao (2008) aims to achieve robustness by replacing, in Equation (A.8), ϵrS+ν and

YrS+ν by their robust versions ϵ̆rS+ν and Y̆rS+ν , respectively, which are defined as

ϵ̆rS+ν = ψ(ϵrS+ν) (A.9)

and

Y̆rS+ν =

{
YrS+ν , if ϵ̆rS+ν = ϵrS+ν ,∑p

i=1 ϕi(ν)Y̆rS+ν−i + σν ϵ̆rS+ν , if ϵ̆rS+ν ̸= ϵrS+ν .
(A.10)

Therefore, the Robust LSE (RLSE) is the solution of the robustified estimating equations

S̆n(ϕν) =
1

σν

n−1∑
r=0

ψ

(
YrS+ν −

∑p
i=1 ϕi(ν)YrS+ν−i
σν

)
Y̆rS+ν−i = 0, 1 ≤ i ≤ p, 1 ≤ ν ≤ S.

(A.11)

Shao (2008) has considered ψ(·) as the Huber type function, defined by

ψ(x) = ψc(x) =

{
x, if |x| ≤ c,

c sign(x), if |x| > c,
(A.12)

because it is monotonic, which ensures existence and uniqueness of solution to Equation

A.11. Nevertheless, any odd bounded and differentiable function can be a candidate

for the ψ(·) function, including the so-called redescending functions, such as Bisquare,

Hampel, Generalized Gauss-Weight, among others. However, they have many zeroes,

which may lead to non-optimal solutions.

Assumption 3. The marginal density function fϵ(·) of the error ϵrS+ν in Equation A.2

is symmetric about the origin.

The following result has been derived by Shao (2008): Under Assumptions 1 and 3,

the RLSE ϕ̆ satisfies
√
n(ϕ̆− ϕ)⇝ NpS(0, A), n→ ∞,

where the covariance matrix A is given in Equation 14 of Shao (2008).

In practice, the estimates are obtained using the following iterative procedure starting

with an appropriate initial guess value for the RLSE. Suppose ϕ̆
(l)

represents the vector

of estimates at the lth iteration. Then, at the (l + 1)th iteration, calculate the residuals

e
(l)
rS+ν = YrS+ν −

p∑
i=1

ϕ̆
(l)
i (ν)YrS+ν−i, 1 ≤ ν ≤ S,

where Yt = 0, t ≤ 0, estimate the white noise standard deviation at the period ν, σν , by

σ̆(l)
ν = Median

(∣∣e(l)ν ∣∣ , ∣∣∣e(l)S+ν∣∣∣ , . . . , ∣∣∣e(l)(n−1)S+ν

∣∣∣) , 1 ≤ ν ≤ S,
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calculate the robust version of e
(l)
rS+ν through (A.9), ĕ

(l)
rS+ν = ψ(e

(l)
rS+ν), obtain Y̆

(l)
rS+ν by

(A.10) with ϵ̆rS+ν substituted for the robust residual ĕ
(l)
rS+ν and σν replaced with σ̆

(l)
ν , and

evaluate the solution ϕ̆
(l+1)

of the robustified estimating equations in (A.11) replacing

Y̆rS+ν with Y̆
(l)
rS+ν and σν with σ̆

(l)
ν . Stop the procedure according to some convergence

criterion.

A.1.3 Monte Carlo Study

In order to investigate the impact of atypical observations on the estimates obtained

from the methods discussed previously, series of periodically stationary processes were

generated with and without additive outliers. Let {XrS+ν} be defined as follows

XrS+ν = YrS+ν + ωVrS+ν (A.13)

where {YrS+ν} is a PAR model with S = 4 and coefficients given in Table A.1. The

parameter values were chosen to have examples of time series models with low (Model

1) and strong (Model 2) correlation dependencies, that is, Model 2 is closer to the non-

causality region than Model 1. {Vt} is a sequence of independent random variables with

P(Vt = −1) = P(Vt = 1) = ξ/2 and P(Vt = 0) = 1 − ξ, 0 ≤ ξ < 1, Yt and Vs are

independent processes for all t, s and ω is the magnitude of the outlier. The sample sizes

were taken as small (N = 400) and large (N = 1600), .i.e., n = 100 and n = 400 cycles,

respectively, which are common sample sizes in practical situation. The initial value for

RLSE was taken as the true parameter vector.

The simulation study is divided in these two cases; uncontaminated and contaminated

series. The contaminated series were generated from model in (A.13) with the following

specifications: ω = 7 and ξ = 0.01. The effect of the normality departure in the white noise

sequence was also studied by generating the random variables ϵt such that ϵt ∼ N(0, 1)

and
√
2ϵt + 1 ∼ χ2

(1). In both cases, E(ϵt) = 0 and E(ϵ2t ) = 1. For each of these scenarios,

1000 replicates of {Yt} were generated to compute the mean of the empirical Bias and

Root Mean Squared Error (RMSE). For the RLSE, according to Shao (2008), c = 3.06

was fixed in the Huber function (Equation A.12) such that, residuals greater than 3.06 (in

absolute value) are regarded as outliers. Other model configurations were also considered

in the simulation study such as heavy-tailed distributions, different period lengths, sample

sizes and coefficient values and other outlier magnitudes. However, in general, the results

leaded to similar conclusions and are not displayed here, but they are available upon

request.

Tables A.2 and A.3 display the Bias and RMSE for Models 1 and 2, respectively. For

illustration purpose, the empirical distributions of
√
n(ϕ̂i(ν)− ϕi(ν)),

√
n(ϕ̃i(ν)− ϕi(ν))

and
√
n(ϕ̆i(ν)−ϕi(ν)) for Model 1, with n = 400, under the uncontaminated and contam-

inated Gaussian scenarios, are presented in Figures A.1 and A.2, respectively. The same
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Table A.1 – Parameters of PAR(1) models used in the simulation.

Parameter Model 1 Model 2
ϕ1(1) 0.9 1.5
ϕ1(2) 0.8 0.8
ϕ1(3) 0.7 1.2
ϕ1(4) 0.6 0.5
λ 0.3024 0.7200

plots for the uncontaminated case with asymmetric errors are displayed in Figure A.3. For

Model 1 (Table A.2), under the uncontaminated Gaussian case, the reduction of the Bias

and RMSE when increasing the sample size suggests that all estimators are consistent. It

is observed that, in this scenario, YWE and RLSE present better results. The findings

for the asymmetric uncontaminated case show that the RYWE is extremely affected by

skewness of the data, presenting a persistent Bias which does not seem to vanish by in-

creasing the sample size. The results for heavy tailed errors are similar, which show that

the RYWE method is very sensitive to departures from normality. This indicates that the

normality requirement in Assumption 2 is crucial to ensure asymptotic properties of the

RYWE. The YWE and RLSE do not seem to be affected by non-Gaussian errors (both

asymmetric and heavy tailed). This gives empirical evidence that the technical require-

ment of symmetric errors (Assumption 3) may be over restrictive to ensure asymptotic

normality of the RLSE. As expected, atypical observations increase the Bias and RMSE

of the YWE. Under normally distributed errors, both RYWE and RLSE show robustness

with Bias and RMSE almost unchanged with the presence of outliers. For asymmetric

errors, the RLSE is the only one which presents good performance.

The conclusions for Model 2 (Table A.3) are similar to the previous case. It is worth

noting that in this stronger dependence scenario, there is a overall reduction of the Bias

and RMSE. Another remarkable fact is that, in this case, the RYWE does not seem

to be strongly affected by asymmetric errors in both uncontaminated and contaminated

scenarios.

From Figure A.1, it can be seen that the empirical distributions are virtually the

same and they have shape very close to the N(0,1) distribution. This corroborates the

asymptotic results of the standardized estimators even for a small sample size. However,

the scale of the RYWE distribution is slightly greater than of those of the YWE and

RLSE. Figure A.2 shows the robustness to outliers of RYWE and RLSE methods under

Gaussian errors, while the distribution of YWE is shifted to the left due to the well-known

memory loss property. Its scale is also increased as a result of the contamination. Figure

A.3 illustrates the prominent shift to the right of the RYWE distribution caused by the

skewness of the errors.
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Table A.2 – Bias and RMSE for Model 1 and outliers with probability ξ = 0.01.

ω ϵt n ϕ1(ν)
YWE RYWE RLSE

Bias RMSE Bias RMSE Bias RMSE

0

N(0, 1)

100

0.9 -0.007 0.077 -0.003 0.103 0.003 0.079
0.8 -0.002 0.065 0.004 0.084 -0.002 0.065
0.7 0.000 0.063 -0.001 0.083 -0.001 0.063
0.6 -0.005 0.066 -0.003 0.083 -0.005 0.067

400

0.9 -0.001 0.037 -0.001 0.047 0.002 0.038
0.8 -0.001 0.031 0.000 0.038 -0.001 0.031
0.7 -0.001 0.032 0.001 0.038 -0.001 0.032
0.6 0.000 0.032 0.000 0.039 0.000 0.033

χ2
(1)

−1
√
2

100

0.9 -0.006 0.076 0.178 0.209 0.006 0.063
0.8 -0.007 0.065 0.117 0.147 -0.003 0.055
0.7 -0.004 0.065 0.088 0.119 -0.003 0.052
0.6 -0.005 0.069 0.077 0.108 -0.004 0.056

400

0.9 -0.001 0.037 0.179 0.185 0.002 0.030
0.8 0.000 0.033 0.115 0.122 0.000 0.026
0.7 -0.001 0.033 0.089 0.096 -0.001 0.026
0.6 -0.001 0.034 0.085 0.093 0.000 0.028

7

N(0, 1)

100

0.9 -0.181 0.247 0.014 0.120 -0.031 0.095
0.8 -0.118 0.176 0.012 0.096 -0.027 0.076
0.7 -0.105 0.157 0.015 0.091 -0.024 0.077
0.6 -0.097 0.151 0.012 0.091 -0.027 0.081

400

0.9 -0.183 0.203 0.017 0.055 -0.027 0.050
0.8 -0.129 0.144 0.012 0.046 -0.021 0.041
0.7 -0.108 0.124 0.013 0.044 -0.019 0.041
0.6 -0.103 0.119 0.014 0.043 -0.022 0.043

χ2
(1)

−1
√
2

100

0.9 -0.172 0.243 0.213 0.251 -0.019 0.076
0.8 -0.126 0.180 0.142 0.175 -0.021 0.063
0.7 -0.105 0.158 0.112 0.144 -0.018 0.061
0.6 -0.096 0.151 0.103 0.134 -0.023 0.067

400

0.9 -0.182 0.202 0.211 0.219 -0.021 0.041
0.8 -0.129 0.145 0.142 0.149 -0.017 0.033
0.7 -0.112 0.127 0.111 0.119 -0.017 0.033
0.6 -0.106 0.121 0.106 0.114 -0.019 0.037

A.1.4 An Application to the Air Quality Area (the PM10 Data)

The application is based on a data set (air pollutant variables) collected at Automatic

Air Quality Monitoring Network (RAMQAr) in the Greater Vitória Region GVR-ES,

Brazil, which is composed by nine monitoring stations placed in strategic locations and

accounts for the measuring of several atmospheric pollutants and meteorological variables

in the area. GVR is comprised of seven cities with a population of approximately 1.9

million inhabitants in an area of 2319 km2. The region is situated along the South Atlantic

coast of Brazil (latitude 20◦19′15′′S, longitude 40◦20′10′′W) and has a tropical humid
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Table A.3 – Bias and RMSE for Model 2 and outliers with probability ξ = 0.01.

ω ϵt n ϕ1(ν)
YWE RYWE RLSE

Bias RMSE Bias RMSE Bias RMSE

0

N(0, 1)

100

1.5 -0.009 0.055 -0.009 0.100 0.000 0.055
0.8 -0.004 0.033 -0.005 0.050 -0.004 0.034
1.2 -0.006 0.040 -0.008 0.066 -0.006 0.040
0.5 -0.008 0.033 -0.008 0.043 -0.008 0.033

400

1.5 -0.003 0.026 -0.003 0.037 -0.001 0.026
0.8 -0.001 0.016 -0.001 0.021 -0.001 0.016
1.2 -0.002 0.019 -0.002 0.027 -0.002 0.020
0.5 -0.002 0.015 -0.003 0.018 -0.003 0.015

χ2
(1)

−1
√
2

100

1.5 -0.009 0.055 0.025 0.098 0.001 0.043
0.8 -0.007 0.036 0.011 0.048 -0.005 0.028
1.2 -0.007 0.040 0.019 0.069 -0.005 0.033
0.5 -0.009 0.033 -0.004 0.039 -0.006 0.027

400

1.5 -0.002 0.026 0.032 0.050 0.000 0.021
0.8 -0.001 0.016 0.016 0.026 -0.001 0.013
1.2 -0.002 0.019 0.023 0.035 -0.002 0.015
0.5 -0.003 0.015 0.003 0.017 -0.002 0.012

7

N(0, 1)

100

1.5 -0.174 0.246 -0.023 0.122 -0.014 0.061
0.8 -0.047 0.076 -0.011 0.058 -0.014 0.040
1.2 -0.079 0.125 -0.013 0.079 -0.013 0.048
0.5 -0.029 0.056 -0.010 0.046 -0.013 0.038

400

1.5 -0.167 0.189 -0.020 0.052 -0.013 0.032
0.8 -0.042 0.050 -0.007 0.025 -0.007 0.019
1.2 -0.080 0.093 -0.015 0.038 -0.008 0.022
0.5 -0.023 0.032 -0.006 0.021 -0.007 0.018

χ2
(1)

−1
√
2

100

1.5 -0.180 0.253 0.022 0.120 -0.013 0.054
0.8 -0.049 0.081 0.011 0.057 -0.008 0.032
1.2 -0.082 0.126 0.016 0.083 -0.009 0.036
0.5 -0.029 0.053 -0.003 0.041 -0.010 0.028

400

1.5 -0.172 0.193 0.022 0.054 -0.010 0.025
0.8 -0.041 0.050 0.015 0.028 -0.005 0.015
1.2 -0.083 0.097 0.012 0.039 -0.007 0.018
0.5 -0.024 0.033 0.003 0.020 -0.005 0.014

climate, with average temperatures ranging from 24 ◦C to 30 ◦C. This data set has been

previously investigated in different contexts of time series modeling, such as periodic

models, robustness in long-memory models, heteroskedastic long memory process, time

series regression with principal component analysis, among others. See, for instance,

Sarnaglia, Reisen & Bondon (2015), Reisen et al. (2014), Sarnaglia, Reisen & Lévy-Leduc

(2010), Souza et al. (2018), Fajardo et al. (2018), Reisen et al. (2018), Reisen, Lévy-

Leduc & Taqqu (2017) and references therein. The data set considered in this paper is

the pollutant Particulate Matter with diameter smaller than 10 µm (PM10), measured

hourly, in µg/m3, collected at the station located in Enseada do Suá area.
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Figure A.1 – Empirical Distributions of
√
n(ϕ̂i(ν)−ϕi(ν)) (blue lines),

√
n(ϕ̃i(ν)−ϕi(ν))

(green lines) and the
√
n(ϕ̆i(ν)− ϕi(ν)) (red lines) for Model 1 with ω = 0,

n = 400 and normal errors.

The PM10 data set corresponds to daily average concentrations from January 1st,

2014 to December 29th, 2015 which kept the sample size multiple of the natural choice

to the period length S = 7. Due to skewness and some evidences of time varying vari-

ance, the natural logarithm transformation (log) was used and the plot of the log(PM10)

is displayed in Figure A.4. From this figure, one can see large peaks of PM10 concen-

tration which may be viewed here as outliers and, as mentioned previously, these high

levels can provoke serious damage to some statistics, such as the mean and the standard

deviation and, therefore, may affect the sample correlation structure of the series, causing

misleading results. The existence of any outlier’s effect will be discussed in the estimation

parameter model (next subsection). It can also be seen the presence of sinusoidal deter-

ministic trends. Analysis of the periodogram (Figure A.5) corroborates to this result and

indicates that the frequency 2/N , corresponding approximately to a yearly cycle, has a

large contribution to the overall variance of the data. The high frequency peaks of the

periodogram correspond to weekly periodicity and, according to the daily periodic box-

plots displayed in Figure A.6, they can be explained by a level decrease in the weekends.

This is an expected finding due to fact that the traffic and civil construction decrease in
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Figure A.2 – Empirical Distributions of
√
n(ϕ̂i(ν)−ϕi(ν)) (blue lines),

√
n(ϕ̃i(ν)−ϕi(ν))

(green lines) and the
√
n(ϕ̆i(ν)− ϕi(ν)) (red lines) for Model 1 with ω = 7,

n = 400 and normal errors.

the region in the weekend days.

The above preliminary analysis of the series suggests that a deterministic trend must

be firstly removed from log(PM10) before further analysis and this is discussed in the next

subsection in which a linear model with errors following a PAR model is fitted to the

series.

A.1.4.1 Estimated Model

According to the previous statistical analysis of the log(PM10) series, the following

model is suggested here to fit the data

log(PM10,t) = µ+ α1satt + α2sunt + β1 cost+β2t+ Yt; (A.14)

Yt =

pt∑
i=1

ϕi(t)Yt−i + σtϵt, (A.15)

with the sinusoidal covariate: cost = cos( 2πt
365.25

), t = 1, . . . , 728; the linear term t; and a

“day of the week” factor with the levels: Week (the reference level); Saturday (represented

by the dummy variable satt which takes value 1 for Saturdays); and Sunday (sunt which



Apêndice A. Estudos Adicionais 94

−5 0 5

0.
0

0.
2

0.
4

0.
6 YWE

RYWE
RLSE

(a) ϕ1(1) = 0.9

−6 −4 −2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

YWE
RYWE
RLSE

(b) ϕ1(2) = 0.8

−6 −4 −2 0 2 4 6

0.
0

0.
2

0.
4

0.
6

YWE
RYWE
RLSE

(c) ϕ1(3) = 0.7

−4 −2 0 2 4

0.
0

0.
2

0.
4

0.
6

YWE
RYWE
RLSE

(d) ϕ1(4) = 0.6

Figure A.3 – Empirical Distributions of
√
n(ϕ̂i(ν)−ϕi(ν)) (blue lines),

√
n(ϕ̃i(ν)−ϕi(ν))

(green lines) and the
√
n(ϕ̆i(ν)− ϕi(ν)) (red lines) for Model 1 with ω = 0,

n = 400 and asymmetric errors.
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Figure A.4 – Plot of the log(PM10) time series.

takes value 1 for Sundays) with S = 7. We also considered sint = sin( 2πt
365.25

), t = 1, . . . , N ,

which turn out to be insignificant. The above model means that in the business days the

regular level of log(PM10) is µ, on Saturdays it suffers an increase of α1 and on Sundays

it is increased by α2 and it has a long-run cyclic trend, represented by cost and a linear

term t.

The model in Equations A.14 and A.15 will be fitted based on following two steps
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Figure A.5 – Periodogram of the log(PM10) time series.
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Figure A.6 – Daily box-plots of the log(PM10) time series.

procedure: (1) the linear model in (A.14) will be estimated through the ordinary least

squares procedure; and (2) the PAR model in (A.15) will be fitted to the residuals of the

linear model in step (1), where the AR orders p1, . . . , pS will be identified through the

Schwartz Information Criterion (BIC) proposed by Schwarz (1978) and adapted to the

periodic scenario by McLeod (1994).

At the first step, the linear model in Equation A.14 was fitted and the estimated co-

efficients are displayed in Table A.4. As expected, there were negative effects of Saturday

and Sunday, which led to a decrease of log(PM10) levels during the weekends.

Table A.4 – Estimated coefficients of the linear model.

Parameter µ α1 α2 β1 β2

Estimate 3.2650 -0.0921 -0.2579 0.0640 0.0003

The BIC criterion was used to identify the order of the model (see Sarnaglia, Reisen &

Lévy-Leduc (2010) for more details) and the results are displayed in Table A.5. In order

to keep consistency with the simulation study, c = 3.06 was fixed in the Huber function

(Equation A.12). Note that the PAR model with better (smaller) BIC was obtained by
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the RYWE, which indicates that this estimator provides a good compromise between

adjustment and parsimony.

Table A.5 – Selected AR orders using the BIC.

Estimator BIC p1 p2 p3 p4 p5 p6 p7
YWE −2156.25 1 1 1 1 1 1 1
RYWE −2205.94 1 1 4 2 2 1 1
RLSE −2200.15 1 1 4 1 2 1 1

The estimates of the PAR coefficients provided by YWE, RYWE and RLSE methods

are given in Table A.6. Based on these results, it is clear the presence of Periodic Corre-

lation in the data, since the AR coefficients and orders are not constant over the seasons.

In general, the methods selected different orders and presented quite different coefficient

estimates. This indicate that the high levels of the pollutant were stronger enough to

provoke changes in the parameter estimates, that is, this reveals that the high levels of

the pollutant PM10 presented the effects of additive outliers according to the discussion

presented in the Simulation Section.

Table A.6 – Estimates of the AR coefficients for YWE, RYWE and RLSE.

Estimator i
ν

1 2 3 4 5 6 7

ϕ̂i(ν) 1 0.626 0.532 0.485 0.374 0.595 0.312 0.498

ϕ̃i(ν)

1 0.614 0.482 0.630 0.529 0.595 0.361 0.474
2 0.000 0.000 -0.107 -0.143 -0.258 0.000 0.000
3 0.000 0.000 0.451 0.000 0.000 0.000 0.000

4 0.000 0.000 -0.374 0.000 0.000 0.000 0.000

ϕ̆i(ν)

1 0.661 0.513 0.479 0.376 0.638 0.293 0.522
2 0.000 0.000 -0.018 0.000 -0.167 0.000 0.000
3 0.000 0.000 0.271 0.000 0.000 0.000 0.000

4 0.000 0.000 -0.240 0.000 0.000 0.000 0.000

The fitting performance will be accessed through the in-sample Root Mean Square

Error (RMSE), Mean Absolute Percentage Error (MAPE), symmetric MAPE (sMAPE)

and Median of Absolute Deviation (MAD). The RMSE and the MAD are well-known

and, for a discussion of MAPE and sMAPE quantities see Flores (1986). The results

are presented in Table A.7. As can be seen, the RLSE are RYWE very competitive by

presenting very similar results and they are slightly smaller than YWE method. This may

corroborate the previous discussion related the effect of high level concentrations on the

model estimation.

Figures A.7, A.8 and A.9 present the classic ACF of the residuals of each model. It

can be seen that all the models were able to fully explain the correlation structure of the
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Table A.7 – Fitting performance of the estimated models.

Estimator
Statistic YWE RYWE RLSE
RMSE 0.2246 0.2245 0.2235
MAPE 5.3420 5.2545 5.2707
sMAPE 2.6454 2.6024 2.6104
MAD 0.2120 0.1988 0.2078

data, despite the eventual outliers effect. Based on the ACF of the residuals, the three

estimation methods are comparable since all the estimated residuals look like a white

noise process.

Finally, for all models, the residuals have not passed the Jarque-Bera normality test

(JARQUE; BERA, 1980), presenting p-values < 0.05 which is an expected result due to

the skewness revealed in the data.
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Figure A.7 – ACF of the residuals of the YWE fit.
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Figure A.8 – ACF of the residuals of the RYWE fit.
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Figure A.9 – ACF of the residuals of the RLSE fit.

A.1.5 Conclusions

This paper reviews different estimation methodologies for PAR models. More specif-

ically, the method considered are: the so-called YWE (MCLEOD, 1994), the RYWE

(SARNAGLIA; REISEN; LÉVY-LEDUC, 2010) and the RLSE (SHAO, 2008). The finite

sample performance of these methods was compared through a Monte Carlo experiment.

The performance of RLSE is remarkably good under uncontaminated and contaminated

scenarios, even under asymmetric errors, which violates Assumption 3. The RYWE is

quite resistant to outliers, however it has a poor performance under asymmetric errors,

mainly under weak correlation scenarios. As expected, YWE empirical distribution is re-

sistant to departures from normality, however this estimator is completely affected by the

presence of outliers. In order to illustrate the methodologies considered in this paper, the

daily mean PM10 concentrations collected at the air quality monitoring station, located

at Enseada do Suá, ES, Brazil, was considered as an application. The estimation and

modelling results revealed outlier effects on the estimates.
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A.2 Asymptotic properties of the M -regression spectral Whittle

estimator for ARMA models.

Valdério Anselmo Reisen Céline Lévy-Leduc Carlo Corrêa Solci

Paper in Compilation

Abstract

A.2.1 Introduction

A.2.2 Statistical framework

Let {Xt}t∈Z := {Xt} be a real valued stochastic process satisfying E(X2
t ) <∞ for all

t ∈ Z with µ = E(Xt) and

γX(h) = Cov(Xt, Xt+h) = E[(Xt − µ)(Xt+h − µ)] (A.16)

Suppose that the aucovariance function γX(.) is absolutely summable, i.e.,

∞∑
h=−∞

|γX(h)| <∞.

The spectral density of (Xt) is defined by

f(λ) =
1

2π

∑
h∈Z

γX(h)e
−ihλ, for all λ ∈ [−π, π]. (A.17)

The periodogram function is the standard spectral estimator of Equation A.17. For a

given time series sample X1, . . . , XN from the process {Xt} , the classical periodogram is

defined by

IN(λj) =
1

2πN

∣∣∣∣∣
N∑
k=1

Xk exp(ikλj)

∣∣∣∣∣
2

.

where λj = 2πj/N , j = 1, .., [N/2], are the Fourier frequencies and [x] denotes the

integer part of x.

As is well-known, IN(λj) is related to the least-square estimate β̂
LS

N (λj) of a two-

dimensional vector β in the linear regression model

Xi = cTN,iβ + εi , 1 ≤ i ≤ N, β ∈ R2, (A.18)

where

cTN,i(λj) = (cos(iλj) sin(iλj)) , (A.19)

and where εi denotes the deviation of Xi from cTN,iβ see, for example, Li (2008), Li (2010),

Reisen, Lévy-Leduc & Taqqu (2017) .
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Then

β̂
LS

N (λj) = Arg min
β∈R2

N∑
i=1

(Xi − cTN,i(λj)β)
2. (A.20)

Indeed, the solution of (A.20) is

β̂
LS

N (λj) = (CTC)−1CTX =
2

N
CTX =

2

N

(
N∑
k=1

Xk cos(kλj)
N∑
k=1

Xk sin(kλj)

)T

,

(A.21)

where X = (X1, . . . , XN)
T and where C and CTC are defined by

C =


cos(λj) sin(λj)

cos(2λj) sin(2λj)
...

...

cos(Nλj) sin(Nλj)

 (A.22)

and

CTC =

( ∑N
k=1 cos(kλj)

2
∑N

k=1 cos(kλj) sin(kλj)∑N
k=1 cos(kλj) sin(kλj)

∑N
k=1 sin(kλj)

2

)
=
N

2
Id2, (A.23)

respectively, with Id2 =

(
1 0

0 1

)
. Hence

IN(λj) =
N

8π
∥β̂

LS

N (λj)∥2 =: ILSN (λj), (A.24)

where ∥ · ∥ denotes the classical Euclidian norm. It can thus be seen from (A.24) that

there is a connection between the classical periodogram and the estimator of β in the

linear regression model (A.18). Similar estimation strategy are the roots to obtain a

M -periodogram spectral estimator. This is discussed as follows.

A M -periodogram based on an M -estimator β̂
M

N of the regression coefficient β in

(A.18) is built. The M -estimator β̂
M

N is defined as the solution t of

N∑
i=1

cN,i ψ(Xi − cTN,it) = 0, (A.25)

where, as in Wu (2007),

ψ(x) = max(min(x, c),−c), c > 0, (A.26)

is the first derivative of the classical Huber’s function. Following Fajardo et al. (2018),

the M -periodogram is defined by

IMN (λj) =
N

8π
∥β̂

M

N (λj)∥2. (A.27)

In the next section the Wittle estimator and its asymptotic proprieties are introduced.

The method is based on the M -estimator for the spectral function defined in A.27.
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A.2.3 The M -estimator for ARMA parameters and its asymptotic properties

Assume that X1, . . . , Xn is a sample from a zero-mean stationary ARMA(p, q) process

defined as ∑p
j=0 ϕjXt−j =

∑q
k=0 θk ηt−k, (A.28)

where p and q are the AR and MA orders, respectively, ϕ1, . . . , ϕp and θ1, . . . , θq are the

AR and MA coefficients, respectively, and ϕ0 = θ0 = 1. The sequence {ηt} is zero-mean,

Gaussian white noise process E(η2t ) = σ2. As is well-known the ACFs of Model A.28

satisfies the Assumption A.17.

Let φ = (ϕ1, . . . , ϕp, θ1, . . . , θq) be the parameter vector of model (A.28). We propose

to estimate φ by minimizing:

ζN(φ) =
1

N

N∑
j=1

IMN (λj)

f(λj,φ)
(A.29)

with respect to φ, where

f(λ,φ) =

∣∣Θ(e−iλ)
∣∣2

|Φ(e−iλ)|2
, (A.30)

and Φ(.) and Θ(.) are the following polynomials:

Φ(z) = 1 + ϕ1z + · · ·+ ϕpz
p and Θ(z) = 1 + θ1z + · · ·+ θqz

q. (A.31)

Theorem 1. Assume that X1, . . . , Xn is a sample from a stationary ARMA(p, q) process

defined in Equation (A.28) with parameter φ and such that the spectral density f(.) defined

in (A.30) satisfies for all λ ∈ [−π, π], f(λ, φ) ≥ a for some positive a. Then, φ̂ defined

in (A.29) is a consistent estimator of φ, as N tends to infinity, namely,

φ̂
p−→ φ, as N → ∞. (A.32)

Proof of Theorem 1. The model (A.28) is causal and invertible. In order to prove (A.32),

we shall use the same arguments as those given in Theorem 10.8.1 of Brockwell & Davis

(1991). In this book, the propositions which cannot directly be used in the proof of The-

orem 10.8.1 are Propositions 10.8.2 and 10.8.1 which have to be replaced by Propositions

2 and 5 given below, respectively.

Proposition 2. Let X1, . . . , Xn be a sample from an ARMA(p, q) process satisfying the

assumptions of Theorem 1. Let C be the set of parameters φ such that Φ and Θ have no

common zeroes in the unit disk, then for every φ ∈ C,

1

N

N∑
j=1

IMN (λj)

g(λj, φ

p−→ 1

2πκ2

∑
p≥1

cp(ψ)
2

p!

∫ π

−π

g(λ, φ
0)⋆,p

g(λ, φ)
dλ, as N → ∞, (A.33)

where κ = F (c)− F (−c), F being the c.d.f. of Z, c being defined in (A.26),

g(λ, φ) =

∣∣Θ(e−iλ)
∣∣2

|Φ(e−iλ)|2
,
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with Θ and Φ defined in (A.31) and where g⋆,p denotes the pth convolution product. More-

over, let us define the function gδ for every positive δ as follows:

gδ(λ, φ) =

∣∣Θ(e−iλ) + δ
∣∣2

|Φ(e−iλ)|2
,

then

1

N

N∑
j=1

IMN (λj)

gδ(λj, φ)

p−→ 1

2πκ2

∑
p≥1

cp(ψ)
2

p!
ξp
∫ π

−π

g(λ, φ0)⋆,p

gδ(λ, φ)
dλ, as N → ∞, (A.34)

uniformly in φ ∈ C̄, where C̄ denotes the closure of C and

ξ =
σ2

2πVar(X1)
. (A.35)

The proof of Proposition 2 is based on Lemmas 3 and 4 given below and the proofs of

these are given in Section A.2.5.

Lemma 3. Under the assumptions of Theorem 1 and if β = 0 in (A.18). Then, β̂
M

N

defined by (A.25) satisfies√
N

2
(F (c)− F (−c))β̂N(λj) =

√
2

N

N∑
r=1

ψ(Xr)

(
cos(rλj)

sin(rλj)

)
+ oP (1), as N → ∞,

where F (.) is the c.d.f. of Xt, c is defined in (A.26) and oP (1) does not depend on j.

Lemma 4. Under the assumptions of Theorem 1, let IMN (λj) be defined in (A.27) for any

fixed j. Then,

IMN (λj)
d−→ X2 + Y 2

4π(F (c)− F (−c))2
, as N → ∞ , (A.36)

where F is the c.d.f. of Xt, c is defined in (A.26),

X ∼ N

(
0,
∑
k∈Z

E{ψ(X1)ψ(Xk+1)} cos(kλj)

)
, Y ∼ N

(
0,
∑
k∈Z

E{ψ(X1)ψ(Xk+1} cos(kλj)

)
(A.37)

and

Cov(X, Y ) =
∑
k∈Z

E{ψ(X1)ψ(Xk+1)} sin(kλj). (A.38)

Hence,

IMN (λj) = Op(1), as N → ∞,

where Op(1) does not depend on j.
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Proposition 5. Let C be the set of parameters φ such that Φ(.) and Θ(.) have no common

zeroes in the unit disk and let φ be a fixed vector in C. Then, if there exists some positive

constant a such that f(λ, φ) ≥ a, for all λ ∈ [−π, π],

1

2πκ2

∑
p≥1

cp(ψ)
2

p!
ξp
∫ π

−π

f(λ,φ)⋆,p

f(λ,φ)
dλ

is minimized over C for φ, where ξ is defined in (A.35).

The proof of Proposition 5 is given in Section A.2.5.

A.2.4 Simulation

Table A.8 – Exact Estimates for ϕ = 0.2 with REPexac = 10000, prout = 0.01 and N =
200.

ω IN Mean(ϕ̂) RMSE(ϕ̂)

0
C 0.1891 0.0712
M 0.1791 0.0735

4
C 0.1613 0.0808
M 0.1702 0.0755

7
C 0.1301 0.1032
M 0.1708 0.0759

Table A.9 – Exact Estimates for ϕ = 0.2 with REPexac = 10000, prout = 0.01 and N =
400.

ω IN Mean(ϕ̂) RMSE(ϕ̂)

0
C 0.1941 0.0494
M 0.1844 0.0518

4
C 0.1678 0.0600
M 0.1775 0.0543

7
C 0.1329 0.0864
M 0.1773 0.0549

Table A.10 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prout = 0.01 and
N = 200.

ω IN Mean(ϕ̂) RMSE(ϕ̂)

0
C 0.4819 0.0654
M 0.4618 0.0759

4
C 0.4312 0.1008
M 0.4466 0.0856

7
C 0.3605 0.1692
M 0.4457 0.0864
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Table A.11 – Exact Estimates for ϕ = 0.5 with REPexac = 10000, prout = 0.01 and
N = 400.

ω IN Mean(ϕ̂) RMSE(ϕ̂)

0
C 0.4908 0.0444
M 0.4713 0.0539

4
C 0.4393 0.0798
M 0.4556 0.0645

7
C 0.3631 0.1531
M 0.4553 0.0648

Table A.12 – Exact Estimates for ϕ = 0.8 with REPexac = 10000, prout = 0.01 and
N = 200.

ω IN Mean(ϕ̂) RMSE(ϕ̂)

0
C 0.7775 0.0509
M 0.7599 0.0644

4
C 0.7320 0.0919
M 0.7353 0.0861

7
C 0.6606 0.1687
M 0.7315 0.0895

Table A.13 – Exact Estimates for ϕ = 0.8 with REPexac = 10000, prout = 0.01 and
N = 400.

ω IN Mean(ϕ̂) RMSE(ϕ̂)

0
C 0.7886 0.0336
M 0.7717 0.0454

4
C 0.7453 0.0689
M 0.7492 0.0638

7
C 0.6698 0.1468
M 0.7444 0.0683

A.2.5 Proofs

Proof of Proposition 2. We shall focus on the proof of (A.34) since the proof of (A.33)

is similar. Following the same lines as those given in the proof of Proposition 10.8.2

in Brockwell & Davis (1991), let qm(λ, φ) be the Cesaro mean of the first m Fourier

approximation to gδ(λ, φ)
−1, given by

qm(λ, φ) =
∑
|k|<m

(
1− |k|

m

)
bke

−ikλ,

where bk = (2π)−1
∫ π
−π e

ikλgδ(λ, φ)
−1dλ. Then, for any positive ε, there exists an m such

that ∣∣qm(λ, φ)− gδ(λ, φ)
−1
∣∣ < ε,
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for all (λ, φ) ∈ [−π, π]× C̄. Then, for all φ ∈ C̄,∣∣∣∣∣ 1N
N∑
j=1

IMN (λj)

gδ(λj, φ)
− 1

N

N∑
j=1

IMN (λj)qm(λj, φ)

∣∣∣∣∣ ≤ εN−1

N∑
j=1

IMN (λj). (A.39)

By Lemma 4, IMN (λj) = Op(1), which does not depend on j. Hence, the l.h.s of (A.39)

tends to zero in probability as N tends to infinity.

Let us now prove that

1

N

N∑
j=1

IMN (λj)qm(λj, φ)
p−→ 1

2πκ2

∑
p≥1

cp(ψ)
2

p!

∫ π

−π

g(λ, φ0)⋆,p

gδ(λ, φ)
dλ, as N → ∞.

Let β̂N(λj) = (β̂
(1)
N (λj), β̂

(2)
N (λj))

′. Then, by (A.27), we get that

1

N

N∑
j=1

IMN (λj)qm(λj, φ) =
1

8π

N∑
j=1

(
β̂
(1)
N (λj)

2 + β̂
(2)
N (λj)

2
) ∑

|k|<m

(
1− |k|

m

)
bke

−ikλj .

Then, by Lemma 3 and the proof of Lemma 4, we get that, as N tends to infinity,

1

N

N∑
j=1

IMN (λj)qm(λj, φ)

=
1

8π

N∑
j=1

(
4

N2κ2

∑
1≤r ̸=r′≤N

ψ(Xr)ψ(Xr′) cos(rλj) cos(r
′λj)

+
4

N2κ2

∑
1≤r ̸=r′≤N

ψ(Xr)ψ(Xr′) sin(rλj) sin(r
′λj)

) ∑
|k|<m

dke
−ikλj + oP (1)

=
1

2πκ2N2

∑
|k|<m

dk
∑

1≤r ̸=r′≤N

ψ(Xr)ψ(Xr′)
N∑
j=1

cos ((r − r′)λj) e
−ikλj + oP (1),

where dk = (1− |k|/m) bk. Since

N∑
j=1

cos ((r − r′)λj) e
−ikλj =

N
2
, if r − r′ = k or − k

0, else,

1

N

N∑
j=1

IMN (λj)qm(λj, φ)

=
1

2πκ2

∑
|k|<m

dk

 1

2N

∑
1≤r ̸=r′≤N

s.t. r−r′=k or r−r′=−k

ψ(Xr)ψ(Xr′)

+ oP (1)

=
1

2πκ2

∑
|k|<m

dk

{
1

2N

N∑
r=1

(ψ(Xr)ψ(Xr−k) + ψ(Xr)ψ(Xr+k))

}
+ oP (1).
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By the ergodic theorem, it is enough to study

1

4πκ2

∑
|k|<m

dkE (ψ(X1)ψ(X1−k) + ψ(X1)ψ(X1+k)) .

Using the Hermite expansion (A.40), we get

E (ψ(X1ψ(X1−k) + ψ(X1)ψ(X1+k)) = 2
∑
p≥1

cp(ψ)
2

p!
ρ(k)p,

where ψ = ψ(vx), ρ(k) = Corr(X1, X(k+1)) and v =
√
Var(X1). Hence,

1

N

N∑
j=1

IMN (λj)qm(λj, φ)
p−→ 1

2πκ2

∑
p≥1

cp(ψ)
2

p!

∑
|k|<m

(
1− |k|

m

)
bkρ(k)

p, as N → ∞,

uniformly in φ ∈ C̄. By Lemma 6 given below,

ρ(k)p =

(
σ2

2πVar(X1)

)p ∫ π

−π
eikλg⋆,p(λ, φ0)dλ = ξp

∫ π

−π
eikλg⋆,p(λ, φ0)dλ.

Moreover,∣∣∣∣∣∣ 1

2πκ2

∑
p≥1

cp(ψ)
2

p!

∑
|k|<m

(
1− |k|

m

)
bkρ(k)

p − 1

2πκ2

∑
p≥1

cp(ψ)
2

p!
ξp
∫ π

−π

g(λ, φ0)⋆,p

gδ(λ, φ)
dλ

∣∣∣∣∣∣
=

∣∣∣∣∣
∫ π

−π

1

2πκ2

∑
p≥1

cp(ψ)
2

p!
ξp
(
qm(λ, φ)− gδ(λ, φ)

−1
)
g(λ, φ0)⋆,pdλ

∣∣∣∣∣
≤ ε

2πκ2

∑
p≥1

cp(ψ)
2

p!
|ρ(0)p| ≤ c2ε

2πκ2
,

which concludes the proof.

Lemma 6. Let (Yt) be a stationary process having an absolutely summable autocovariance

function γ. Let f be its spectral density then for any positive integer m,

γ(k)m =

∫ π

−π
eikλf ⋆,m(λ)dλ.

where f ⋆,m(λ) denotes the mth convolution product.

Proof of Lemma 6. By Theorem 4.3.2 of Brockwell & Davis (1991),

γ(k) =

∫ π

−π
eikλf(λ)dλ.

Assume that,

γ(k)(m−1) =

∫ π

−π
eikλf ⋆,m−1(λ)dλ,
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then

γ(k)m =

(∫ π

−π
eikλf ⋆,m−1(λ)dλ

)
γ(k)

=

(∫ π

−π
eikλf ⋆,m−1(λ)dλ

)(∫ π

−π
eikf(ν)dν

)
.

Observe that

f ⋆,m(λ) =

∫ π

−π
f ⋆,m−1(t)f(λ− t)dt,

thus ∫ π

−π
eikλf ⋆,m(λ)dλ =

∫ π

−π

(∫ π

−π
eik(λ−t)f(λ− t)dλ

)
eiktf ⋆,m−1(t)dt

=

(∫ π

−π
eikuf(u)du

)(∫ π

−π
eiktf ⋆,m−1(t)dt

)
,

where the last equality comes from the fact that eikxf(x) is 2π-periodic. This concludes

the proof of the lemma.

Proof of Lemma 3. By Propositions 1 and 4 and Example 1 of Wu (2007) the assumptions

of Theorem 1 of Wu (2007) hold. Thus,√
N

2
(F (c)− F (−c))β̂N(λj) =

√
2

N

N∑
r=1

ψ(Xr)

(
cos(rλj)

sin(rλj)

)
+ oP (1), as N → ∞.

Moreover, by using Corollary 1 of Wu (2007), op(1) = Op(log n/
√
n) and does not depend

on j, which gives the result.

Proof of Lemma 4. By Propositions 1 and 4 and Example 1 of Wu (2007) the assumptions

of Theorem 1 of Wu (2007) hold. Thus, β̂N(λj) defined by (A.25) satisfies the following

convergence in distribution:√
N

2
(F (c)− F (−c))β̂N(λj)

d−→ N
(
0,∆(j)

)
, N → ∞ ,

with

∆(j) =
∑
k∈Z

E{ψ(X1)ψ(Xk+1)}∆(j)
k ,

where

∆
(j)
k = lim

N→∞

2

N

N−|k|∑
ℓ=1

(
cos(ℓλj)

sin(ℓλj)

)
(cos((ℓ+ k)λj) sin((ℓ+ k)λj)) .

Observe that

∆
(j)
k = lim

N→∞

2

N

N−|k|∑
ℓ=1

(
cos(kλj)+cos((2ℓ+k)λj)

2

sin(kλj)+sin((2ℓ+k)λj)

2
− sin(kλj)+sin((2ℓ+k)λj)

2

cos(kλj)−cos((2ℓ+k)λj)

2

)

=

(
cos(kλj) sin(kλj)

− sin(kλj) cos(kλj)

)
+ lim

N→∞

2

N

N−|k|∑
ℓ=1

(
cos((2ℓ+k)λj)

2

sin((2ℓ+k)λj)

2
sin((2ℓ+k)λj)

2

− cos((2ℓ+k)λj)

2

)
.
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By observing that

1

N

N−|k|∑
ℓ=1

cos((2ℓ+ k)λj) =
cos(kλj)

N

N−|k|∑
ℓ=1

cos(2ℓλj) +
sin(kλj)

N

N−|k|∑
ℓ=1

sin(2ℓλj)

=
cos(kλj)

N
cos(λj(N − |k| − 1))

sin(λj(N − |k|))
sin(λj)

+
sin(kλj)

N
sin(λj(N − |k| − 1))

sin(λj(N − |k|))
sin(λj)

tends to zero as N tends to infinity and that the same holds for N−1
∑N−|k|

ℓ=1 sin(2ℓ+ k),

this shows that

∆
(j)
k =

(
cos(kλj) sin(kλj)

− sin(kλj) cos(kλj)

)
,

which gives the convergence in distribution of IMN (λj).

Observe that∑
k∈Z

E{ψ(X1)ψ(X(k+1))} cos(kλj) ≤
∑
k∈Z

∣∣∣∣E{ψ(vX1

v

)
ψ

(
v
X(k+1)

v

)}∣∣∣∣ ,
where v =

√
Var(X1). By expanding ψ = ψ(vx) on the Hermite polynomials basis, we

get that

E
{
ψ

(
v
X

v

)
ψ

(
v
X(k+1)

v

)}
=
∑
p,q≥1

cp(ψ)

p!

cq(ψ)

q!
E{Hp(X1/v)Hq(X(k+1)/v)}

=
∑
p≥1

cp(ψ)
2

p!
ρ(k)p ≤ |ρ(k)|∥ψ∥22 ≤ c2|ρ(k)|, (A.40)

where the last equality comes from Equation (2.1) of Breuer & Major (1983) and ρ(k) =

Corr(X1, X(k+1)). The result follows from the fact that ρ(k) is absolutely sommable.

Proof of Proposition 5. Observe that

1

2πκ2

∑
p≥1

cp(ψ)
2

p!
ξp
∫ π

−π

g(λ, φ0)⋆,p

g(λ, φ)
dλ ≥ (2π)p−1ap−1

2πκ2

∑
p≥1

cp(ψ)
2

p!
ξp
(

1

2π

∫ π

−π

g(λ, φ0)

g(λ, φ)
dλ

)
.

Using similar arguments as those used in Proposition 10.8.1 of Brockwell & Davis (1991),

1

2π

∫ π

−π

g(λ, φ0)

g(λ, φ)
dλ > 1,

for all φ ∈ C̄ such that φ ̸= φ0, which concludes the proof.
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