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RESUMO

Os estudos de poluigao atmosférica geralmente envolvem medicoes e analises de dados de
concentragoes de poluentes, como é o caso do MPyy (material particulado), de SO, (diéxido
de enxofre) e de outros poluentes. Estes dados normalmente possuem caracteristicas im-
portantes como autocorrelacao, longa dependéncia, sazonalidade e observacoes atipicas, que
necessitam de ferramentas de analise de séries temporais multivariadas para avaliar o seu
comportamento na atmosfera. Neste contexto, propomos um estimador fracionario robusto
da matriz de autocovariancia robusta de longa dependéncia e frequéncia sazonal, para o mo-
delo SARFIMA. O interesse pratico em poluigao do ar é avaliar o comportamento das séries
de concentracoes de SO, e fazer as previsoes, mais acuradas, deste poluente. As previsoes,
do modelo SARFIMA estimado, sao comparadas as previsoes do modelo SARMA, através

do erro quadratico médio.

Existe outra dificuldade na investigacao dos poluentes atmosféricos, por modelos de séries
temporais: os dados de SO,, de MP;( e de outros poluentes possuem alta dimensionalidade.
Este fato dificulta o tratamento dos dados através de modelos vetoriais autorregressivos,
pelo excessivo nimero de parametros estimados. Na literatura, a abordagem do problema
para séries temporais de grandes dimensoes é feita através da redugao da dimensionalidade
dos dados, utilizando, principalmente, o modelo fatorial e o método de componentes princi-
pais. Porém, as caracteristicas de longa dependéncia e de observacoes atipicas das séries de
poluicao atmosférica, normalmente, nao sao envolvidas na teoria de andlise fatorial. Neste
contexto, propomos aqui uma contribuicao tedrica para o modelo fatorial de séries temporais
de grandes dimensoes, envolvendo longa dependéncia e robustez na estimacao dos fatores. O
modelo sugerido ¢é aplicado em séries de MP1q da rede de monitoramento da qualidade do ar
da Grande Vitéria - ES.

Palavras-chave: anélise fatorial, poluicao do ar, analise de séries temporais, outliers, robustez,

longa dependéncia, MPq e SOs.



ABSTRACT

Studies about air pollution typically involve measurements and analysis of pollutants, such
as PMyo (particulate matter), SOy (sulfur dioxide) and others. These data typically have
important features like serial correlation, long dependency, seasonality and occurence of aty-
pical observations, and many others, which may be analyzed by means of multivariate time
series. In this context, a robust estimator of fractional robust autocovariance matrix of long
dependence and seasonal frequency for SARFIMA model is proposed. The model is compared
to SARMA model and is applied to SO, concentrations.

In addition of the mentioned features the data present high dimensionality in relation to
sample size and number of variables. This fact complicates the analisys of the data using
vector time series models. In the literature, the approach to mitigate this problem for high
dimensional time series is to reduce the dimensionality using the factor analysis and principal
component analysis. However, the long dependence characteristics and atypical observations,
very common in air pollution series, is not considered by the standard factor analysis method.
In this context, the standard factor model is extended to consider time series data presenting
long dependence and outliers. The proposed method is applied to PM; series of air quality

monitoring network of the Greater Vitoria Region - ES.

Keywords: factor analysis, air pollution, time series analysis, MPq, SO,, outliers, robustez

and long memory.
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1 INTRODUCAO

A qualidade do ar de uma regiao é caracterizada pelos niveis de emissao dos poluentes, pela
capacidade com que a atmosfera da regiao consegue absorver, dispersar e remover estes con-
taminantes. A qualidade do ar também ¢ influenciada pela ocorréncia de diversos fendmenos
meteorolégicos e pela topografia da regiao, que podem ampliar ou reduzir a capacidade do

transporte e de dispersao atmosférica dos poluentes.

As emissoes de poluentes atmosféricos podem ser classificadas em antropogénicas e naturais
(GODISH, 1997). As emissoes antropogénicas sao aquelas provocadas pela acao do homem,
geralmente nas industrias, nos transportes e em processos de geracao de energia. As emissoes
naturais sao causadas por processos naturais, tais como as emissoes vulcanicas, os processos
microbiolédgicos, etc. Quanto a origem, os poluentes sao classificados em niveis primarios ou
secundarios. Os poluentes primarios sao aqueles lancados diretamente na atmosfera, como
resultado dos processos industriais, dos gases de exaustao dos motores de combustao interna,
construcao civil e outros. Os poluentes secundarios sao aqueles formados a partir de reagoes

quimicas que ocorrem entre os poluentes primarios, na atmosfera.

O material particulado (MP) é considerado um poluente atmosférico pelo potencial danoso
a saude das pessoas, dos animais e da vegetacao; pela interferéncia nas mudancas climéticas
regionais e globais e pelo incomodo de sua deposi¢ao nas superficies dos materiais e edificagoes
(WHO, 2005; JACOBSON, 2002). A gravidade dos danos causados pelo MP levou a uma
maior abordagem sobre o assunto na literatura e ao crescimento do monitoramento de fontes

de emissoes e de dados da qualidade do ar em vérias regides do mundo.

O material particulado é composto de particulas capazes de permanecer em suspensao na
atmosfera devido as suas pequenas dimensoes. Como exemplos podem ser citados a poeira,
a fuligem e as particulas de 6leo (BRAGA et al., 2005). A forma e a composigao quimica do
MP podem ser bastante diversificadas. Normalmente a classificacao ¢é feita de acordo com o
tamanho da particula: nos casos de diametros aerodinamicos inferiores a 2.5um e 10um sao
denominados MP5 5 e MP1g, respectivamente. Na literatura, o MP;o também é definido como
particulas inaldveis. Segundo Baird (2001), as particulas sao classificagdo como particulas
grossas (didmetro maior que 2.5um) e finas (diametro menor que 2.5um). A importancia do
tamanho das particulas esta relacionada aos danos que elas podem causar a saide. Holgate
et al. (1999) afirma que as particulas finas sdo as principais responsaveis por esses danos,

uma vez que podem atingir e prejudicar o sistema respiratério inferior.

Tendo em vista os efeitos do material particulado na satide e no meio ambiente, surgiram
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as legislacoes ambientais para regulamentar os niveis de emissoes e de qualidade do ar. A
legislacao brasileira, através da resoluggo CONAMA n° 3 de 1990, estabeleceu os seguintes
padroes primério e secundério de concentragao de particulas inaldveis, MPyg): (1) a concen-
tragao média aritmética anual deve ser no maximo de 50ug/m? e (2) a concentragao média
de 24 horas deve ser no maximo de 150ug/m? e nao podendo ser ultrapassada mais de uma
vez por ano. A Organizacio Mundial de Saiide (OMS) estabeleceu como diretriz 50ug/m?
para a concentracio média de 24 horas e 20ug/m? para a média artimética anual de MP,
(WHO, 2005).

utro poluente atmosférico de grande importancia é o diéxido de enxofre 5). Este géas
Out luente atmosf d d t dioxido d fre (SO3). Est

faz parte de um grupo de gases altamente reativos conhecidos como ”6xidos de enxofre”. A
preocupacao se deve ao grande ntimero de fontes de emissao do gés para a atmosfera e aos

efeitos causados ao meio ambiente e a saide da populacgao.

O SO, é gerado principalmente pela utilizagdo de combustiveis fésseis (carvao e produtos
petroliferos). As fontes de emissdo do géds para a atmosfera incluem processos industriais,
tais como siderurgia e mineracao; queima de combustiveis que contém alto teor de enxofre,
veiculos de transporte, tais como locomotivas e navios de grande porte; industria de celulose
e fontes naturais, como as emissoes vulcanicas (MALLIK; VENKATARAMANI; LAL, 2012;
ANDERSSON et al., 2013). Os altos niveis de emissao de SO, aliado as condi¢oes meteo-

rolégicas e topograficas podem resultar em picos de concentracao de SO, na atmosfera.

A preocupagao com as altas concentragoes de SOy na atmosfera se agrava com os varios
efeitos sobre a satide da populagdo, como no caso da bronquite cronica (KANAROGLOU
et al., 2013). A exposicao a SOy, mesmo por curtos periodos de tempo (variando desde 5
minutos até 24 horas), pode causar problemas respiratdrios, incluindo o aumento dos sintomas
de asma e, consequentemente, maior nimero de internacoes hospitalares, principalmente em
idosos, criangas e pessoas com pré-disposigao a doengas respiratérias (WHO, 2005). Além
disto, o SO5 ¢é oxidado na troposfera, formando dcido sulfirico (H2SO,) que é depositado na

superficie da terra, através da chuva dcida (GEORGOULIAS et al., 2009).

No caso do SOs, o padrao primdrio estabelecido pelo CONAMA é 80ug/m? para a concen-
tracao média anual, e 365ug/m? para a concentragao média de 24h, que nao deve ser excedido
mais de uma vez ao ano. E o padrao secundério ¢ de 40ug/m? para a concentragao média
anual, e de 100ug/m? para a concentragao média de 24h, que nao deve ser excedido mais de
uma vez ao ano. A Organizagao Mundial de Satide estabeleceu como diretriz 500pg/m? para

a média de 10 minutos, e 20ug/m? para a média artimética anual de SO, (WHO, 2005).

Para manter os niveis de concentracoes dentro dos padroes da legislacao, é necessario fazer o
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controle dos poluentes, através do monitoramento da qualidade do ar. A regiao metropolitana
da Grande Vitéria (RGV) possui uma Rede Automatica de Monitoramento da Qualidade do
Ar (RAMQAR), que pertence ao Instituto Estadual de Meio Ambiente e Recursos Hidricos
(IEMA). A rede foi inaugurada em julho de 2000 e fornece dados horérios de concentragao
de MP e de SO,.

Esta disponibilidade de dados monitorados em intervalos de tempo igualmente espacados,
aliada a necessidade de estimar a poluicao do ar e fazer previsoes destes poluentes, justificam
a abordagem de séries temporais de poluicao atmosférica feita para a RGV. Outra justificativa
para a escolha da RGV se deve aos seguintes fatos: a RGV possui fontes de emissao de
poluentes do ar nas industrias e no crescente desenvolvimento urbano. E acrescentando, no
que se refere ao efeito dos poluentes na saide da populagao, a regiao apresentou aumento do
nimero de atendimentos hospitalares por doencas respiratérias e cardiovasculares em funcao
do crescimento da regiao (SOUZA et al,2014).

Na literatura atual, as séries de concentragoes de SO, tém sido abordadas através de mode-
los que avaliam os impactos do SOs no meio ambiente, e investigam a influéncia das fontes
de emissao e de condigoes meteorolégicas nas concentracoes de SO,. Destacam-se os estu-
dos envolvendo anélise de componentes principais e de cluster (Cheng e Lam, 2000), anélise
de regressao multipla (LUVSAN et al., 2012) e, especialmente, pesquisas utilizando mode-
los de séries temporais, tais como autorregressivos integrados de médias méveis (ARIMA)
(PRYBUTOK; YI; MITCHELL, 2000; HASSANZADEH; HOSSEINIBALAM; ALIZADEH,
2009).

Contribuigoes tedricas ao modelo ARIMA foram feitas por Granger e Joyeux (1980) e Hos-
king (1981) que acrescentaram as propriedades de longa dependéncia e propuseram o modelo
ARFIMA. Reisen et al. (2014a) estenderam o modelo ARFIMA e estimaram os parametros
fraciondrios e sazonais do modelo SARFIMA e, posteriormente, Reisen et al. (2014b) estuda-
ram as propriedades do modelo SARFIMA para um e dois periodos sazonai, e componentes
de memoria longa e curta, permitindo a aplicagao mais apurada desta classe de modelos em

séries de poluicao do ar.

Embora o estudo de modelos de memoria longa, na presenca de outliers, seja um assunto
de interesse recente para os investigadores, especialmente nas areas de economia e financas

(Tolvi, 2003), poucos trabalhos tém sido dedicados a este tema na drea ambiental.

Neste contexto, existe uma grande preocupacao em estimar os modelos de séries temporais
utilizando a autocovariancia na sua forma classica, e posterior utilizagao em dados de poluen-

tes atmosféricos. Com isto, propomos um estimador robusto para os parametros nao-sazonais
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e sazonais do modelo SARFIMA, baseado na autocovariancia robusta. O estimador robusto
dos parametros do modelo SARFIMA esta apresentado no artigo 1 desta tese, onde é feita a
combinacao do modelo SARFIMA com o estimador robusto da covariancia, e sugerido um es-
timador fracional robusto para caracterizar a longa dependéncia na presenca de sazonalidade.
O efeito da ocorréncia de observacoes atipicas também ¢ incluido no processo de estimacao
da matriz de covariancia classica e de covariancia robusta. A contribuicao pratica deste ar-
tigo na drea de poluicao atmosférica é feita através da utilizacao do modelo SARFIMA, em
previsoes de séries de concentracoes de SO, da RAMQAR. E feita também uma comparagao
do modelo SARFIMA com o modelo SARMA no processo de previsao da série de SOs.

Em pesquisas recentes sobre a poluicao atmosférica, muita énfase é dada aos modelos ma-
tematicos denominados modelos receptores. Os modelos receptores sao importantes por
identificarem as fontes emissoras de poluentes no receptor (VIANA et al., 2006). Esses mo-
delos tém sido amplamente estudados nos ultimos anos, recebendo contribuigoes de autores
de diversas dreas. Segundo Seinfeld e Pandis (2006) os modelos receptores identificam as fon-
tes de emissao de poluentes a partir das caracteristicas quimicas das particulas no receptor,
e das caracteristicas das fontes de emissao dos poluentes. O artigo publicado por Belis et
al. (2013) mostra a utilizacdo dos modelos receptores no mundo. O autor faz uma avaliagao
critica, comparando os diversos modelos receptores que identificam as fontes de emissao de

MP nos paises da Europa.

Na literatura, os modelos receptores mais estudados sdo: balango quimico de massa (BQM),
técnicas de andlise multivariada, técnicas de andlise de componentes principais (ACP), mo-
delo fatorial (AF), regressao linear miltipla, andlise de cluster, fatoragdo de matriz positiva
(FMP), entre outros (WATSON et al., 2002). Segundo Trindade (2009) os modelos receptores
mais comumente empregados sao o BQM, a FMP e o modelo fatorial. Informacoes referentes
a utilizacao dos modelos receptores sao disponibilizadas pela United States Environmental
Protection Agency (COULTER, 2004).

Os estudos referentes aos modelos receptores também sao relevantes em pesquisas desen-
volvidas na area de polui¢ao atmosférica do PPGEA/UFES. Alguns estudos utilizaram os
modelos receptores no processo de identificacao das fontes de material particulado: (1) Trin-
dade (2009) identificou as fontes de emissao de MPs 5 e avaliou as informagoes fornecidas pelos
modelos BQM e FMP para relacionar as fontes ao receptor, na cidade de Brighton, regiao
rural do Colorado, EUA. A autora verificou que os dois modelos reproduziram os dados do
receptor com ajustes aceitdveis; (2) Maioli (2011)desenvolveu um trabalho experimental co-
letando e analisando amostras de MPs 5 na regiao metropolitana da Grande Vitéria, ES. A

autora utilizou o modelo receptor BQM para identificar as contribuicoes e a relevancia dos
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grupos de fontes de emissao responséaveis pelo MPs 5 no receptor; (3) Soares (2011) estudou a
contribuigao das fontes de particulas totais em suspensao (PTS) e de particulas sedimentéveis
(PS) na regiao metropolitana da Grande Vitéria, ES utilizando os modelos BQM e FMP.
A andlise fatorial esta dentro do contexto da poluicao do ar. Os principais estudos nesta
area envolvem a identificacao das fontes de emissao de poluentes, o gerenciamento das redes

de monitoramento, a analise de regressao, a andlise de cluster, dentre outros (PIRES et al.,
2008a; PIRES et al., 2008b; VIANA et al., 2006).

Acrescenta-se que os parametros do modelo fatorial sao normalmente estimados através da
andlise de componentes principais (ACP) que, assim como o modelo fatorial, é afetada pela
a autocorrelacao dos dados. Consequentemente o problema é transportado das componen-
tes principais para o modelo fatorial que, neste caso, sofre as consequéncias do problema
de utilizar dados correlacionados no tempo. Neste contexto, a tese de Zamprogno (2013),
desenvolvida no PPGEA, explora este fato e revela que negligenciar a estrutura de autocor-
relacao temporal das observagoes pode acarretar em analises e interpretacoes equivocadas
e podem inviabilizar a estimagao das componentes principais quando os dados nao forem
estacionarios na média. Zamprogno (2013) também aplica os conceitos de ACP no processo
de identificacao de fontes de emissao e no gerenciamento da RAMQAR através da reducao

da dimensao dos dados de poluicao do ar.

Atualmente, trabalhos desenvolvidos no PPGEA/UFES abordam o tema em questao: (1)
Souza (2013) aplica a técnica de ACP em dados de polui¢do da rede de monitoramento da
qualidade do ar da regiao da Grande Vitéria, objetivando avaliar a associagao entre: o niimero
de atendimentos hospitalares por causas respiratérias e a qualidade do ar na regiao; (2) Pinto
(2013) trata do processo de estimagao das autocorrelagoes das séries, utilizando dados faltan-
tes; (3) Cotta (2014) analisa as componentes principais pela técnica de estimagao robusta,
considerando os outliers nas séries de dados de poluentes na Grande Vitéria; (4) Monroy
(2013) estuda a dependéncia entre observagoes monitoradas em cada regiao da RAMQAR
e a dependéncia sequencial das séries temporais de poluicao do ar, e estima uma classe de
modelos espaco-temporais, considerando os fenomenos de longa dependéncia que ocorrem

nas séries de poluicao do ar.

O desenvolvimento tedrico e a aplicacao pratica do modelo fatorial em séries temporais de
grandes dimensodes ja é uma linha de pesquisa na drea de econometria. O modelo fatorial
¢ amplamente utilizado na area econdémica, principalmente em séries temporais financeiras.
Segundo Bai (2003) o modelo fatorial é um método 1til para tratar grandes conjuntos de
dados economicos. O autor desenvolve a teoria inferencial para modelos fatoriais aplicados a

grandes dimensoes de séries temporais.
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O uso do modelo fatorial na area de poluicao do ar é um dos fatores que motivam o de-
senvolvimento desta pesquisa. Os trabalhos citados enfatizam o processo de redugao da
dimensionalidade de séries temporais de poluicao do ar, e do gerenciamento das redes de
monitoramento da qualidade do ar. Entretanto, a preocupacao com a estrutura de autocor-

relacao, presente nestes dados, motivaram as investigagoes apresentadas aqui.

Outra motivacao, na abordagem tedrica, feita aqui, é proveniente do seguinte fato: de acordo
com Johnson, Wichern et al. (1992), Harman (1960) e Anderson et al. (1958), o modelo
fatorial, para ser aplicado na sua forma classica, exige a hipétese de independéncia dos dados.
Essa é uma grande limitacao para utilizé-lo em séries temporais de poluentes atmosféricos.
O monitoramento das séries de poluentes consiste em medigoes de concentragoes feitas no
tempo e, consequentemente, as séries de dados apresentam a autocorrelacao temporal, o que

nao atende a hipétese de independéncia dos dados.

O ajuste do modelo fatorial em séries temporais de poluicao do ar, sem considerar a au-
tocorrelacao dos dados, pode levar a estimacao da matriz de covariancia de forma viesada,
ou seja, ocorre um erro na estimacgao da matriz, que pode gerar resultados inconsistentes
no modelo fatorial e comprometer a avalicao das contribuigoes das fontes responsaveis pela
poluigao atmosférica (ZAMPROGNO, 2013). Este problema nao foi devidamente explorado
em trabalhos desenvolvidos na area de poluicao atmosférica, justificando as investigacoes

propostas neste estudo.

O interesse tedrico do problema da relacao de dependéncia entre as séries temporais é de
longa data. Pena e Box (1987) desenvolveram uma importante metodologia que utiliza a
analise fatorial para identificar os fatores que representam as séries temporais multivariadas,
considerando a correlacdo temporal e a autocorrelagdo. Lam, Yao et al. (2012) se basearam
no modelo de Pena e Box e desenvolveram uma teoria assintotica, para estimar a dimensao

de reducao das séries temporais multivariadas nao correlacionadas.

Entretanto, Lam, Yao et al. (2012) trabalharam somente com a correla¢do temporal em
séries de memoria curta. O artigo de Pena e Box (1987) utilizou a correlagao temporal e a
autocorrelacao, para estimar o modelo. Porém, existem limitagoes para utilizacao das teorias
desses autores em dados de poluicao atmosférica, visto que as séries de poluicao normalmente
apresentam propriedades especificas em sua estrutura temporal. Dentre estas propriedades
encontra-se a longa dependeéncia, que influencia de forma significativa na estimacao da matriz

de covariancia do modelo fatorial.

Portanto, uma contribuicao, proposta nesta tese, é agregar as propriedades de longa de-

pendéncia a andlise fatorial proposta na teoria de Pena e Box (1987) e Lam, Yao et al.
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(2012), permitindo uma melhoria significativa na estimacao dos modelos fatoriais e, con-
sequentemente, na aplicacao do modelo fatorial em dados de poluicao atmosférica. Estas

contribuicoes propostas estao apresentadas no artigo 2.

Outro fato de grande relevancia, considerado aqui, provém das seguintes limitacoes: os arti-
gos de Pena e Box (1987) e Lam, Yao et al. (2012) ndo consideram o problema de observagoes
atipicas (outliers) que ocorrem nas séries temporais. Estas observagoes atipicas sdo muito
comuns em dados de concentracoes de poluentes atmosféricos. Normalmente, estas altas con-
centracoes sao geradas por emissoes excessivas de fontes de poluicao em curtos intervalos de
tempo ou por condi¢oes meteoroldgicas adversas. Neste sentido, propomos uma contribuigao
tedrica, com o objetivo de agregar o efeito das observagoes atipicas ao modelo fatorial. Além
disso, propomos uma contribuicao de ordem prética através da utilizacao do modelo fatorial
na area de poluicao atmosférica. Estas contribuigoes estao apresentadas no artigo 2 desta

tese.

As observagoes atipicas revelam um problema que é recorrente na area de poluicao do ar: as
estacoes de monitoramento da qualidade do ar normalmente medem picos de concentragoes
de poluentes, em curtos intervalos de tempo. Estes picos de concentracao podem representar
uma deteriorizagao da qualidade do ar de uma regiao. A influéncia desses outliers em séries
de concentragoes de MP;y da RAMQAR (IEMA, 2013) também esté apresentada no artigo
2. A investigacao é feita através da avaliacdo da influéncia dessas observacoes atipicas na
estimacao da matriz de correlagao robusta e, consequentemente, no modelo fatorial. Estudos

referentes a esta influéncia foram feitos por Cotta (2014).

Portanto, o modelo fatorial, proposto no artigo 2, é construido com base no processo de
reducao da dimensionalidade das séries temporais multivariadas que apresentam sazonali-
dade, longa dependéncia e observagoes atipicas. Inicialmente estes comportamentos das
séries foram tratatados de forma univariada no modelo SARFIMA, proposto no artigo 1. As
contribuigoes tedricas e praticas do artigo 1 foram utilizadas na construcao do artigo 2. E,
em termos de aplicagao pratica na area de poluicao do ar, o artigo 1 avaliou uma série de
SO; e, o0 artigo 2, as séries multivariadas de MP15. Em ambos os casos, os modelos estimados

foram utilizados para a previsao das concentragoes destes poluentes na Grande Vitéria.

O texto desta tese esta dividido da seguinte forma: na subsecao seguinte sao apresentados os
objetivos: geral e especificos; na secao 2 é apresentada uma revisao da literatura referente a
estimacao dos parametros do modelo fatorial para séries dependentes e independentes, longa
dependéncia e outliers; na se¢do 3 sao apresentados os materiais e métodos utilizados; na

secao 4 sao apresentados os resultados da tese na forma de dois artigos: o artigo 1 e o artigo
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2, que incluem a teoria e os resultados; na secao 5 sao apresentadas as conclusoes e, em

sequéncia, as referéncias utilizadas.
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1.1 OBJETIVOS
1.1.1 Objetivo Geral

O objetivo geral desta tese é propor um modelo fatorial robusto para séries temporais correla-
cionadas de grandes dimensoes de poluentes atmosféricos, e que apresentam as propriedades

de longa dependeéncia, sazonalidade e observagoes atipicas.

1.1.2 Objetivos Especificos

Os objetivos especificos desta tese sao os seguintes:

- Estimar um modelo fatorial para séries temporais multivariadas que apresentem autocor-
relacao, longa dependéncia, observacoes atipicas e sazonalidade e, consequentemente, reduzir

a dimensao das séries;

- Aplicar o modelo fatorial em séries de MP;q da rede de monitoramento da qualidade do ar
da Grande Vitoria, utilizado a matriz de autocovariancia e de autocovariancia robusta, no

processo de estimacgao dos fatores e da previsao das concentracoes do poluente;

- Desenvolver o modelo sazonal para séries temporais univariadas com longa dependéncia e
observagoes atipicas (SARFIMA);

- Aplicar o modelo SARFIMA em dados de concentracao de SO5 da rede de monitoramento da
qualidade do ar da Grande Vitéria, e utilizar o modelo para fazer a previsao de concentragoes

do poluente.
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2 REVISAO BIBLIOGRAFICA

A necessidade de conhecer a origem dos contaminantes atmosféricos tem levado os cientistas a
inovarem as técnicas experimentais e as ferramentas matemaéticas e estatisticas, que permitem
identificar as fontes de emissao dos contaminantes, através da sua composicao fisica e quimica

no receptor, e também caracterizar a qualidade do ar de uma regiao.

Segundo (WATSON et al., 2002), os principais modelos receptores sao: Balango quimico
de massa (BQM), andlise multivariada, regressao linear miltipla, andlise de cluster, entre
outros. A analise multivariada pode ser separada em: modelo de fatoracao de matriz po-
sitiva (FMP), andlise fatorial (AF) e andlise de componentes principais (ACP). O modelo
fatorial é desenvolvido aqui para aplicagboes em séries de grandes dimensoes de poluentes

atmosféricos.

Na litaratura, os trabalhos cientificos procuraram avaliar e aprimorar os modelos receptores e
utilizé-los na poluicao do ar. Se destacam as pesquisas de Usero e Gracia (1986), Paatero et
al. (2002), Anderson et al. (2002), Hopke (1991), Lee et al. (2008), dentre outros. Pesquisas
recentes no Brasil, envolvendo modelos receptores, foram desenvolvidas por Albuquerque
(2005), Maioli (2011), Trindade (2009), Soares (2011), Souza (2013), Zamprogno (2013) e
Cotta (2014).

Alguns trabalhos aplicaram os modelos receptores BQM e FMP e merecem destaque: (1)
Trindade (2009) que avaliou as informagoes fornecidas pelos modelos receptores BQM e FMP,
para relacionar as fontes de MPs 5 no receptor; (2) Maioli (2011) coletou amostras de MPy 5
na regiao metropolitana da Grande Vitéria, ES e utilizou o modelo receptor BQM para
identificar as contribuigoes e a relevancia dos grupos de fontes de emissao; (3) Soares (2011)
utilizou o BQM e FMP para determinar a contribuicao das fontes de particulas totais em
suspensao (PTS) e de particulas sedimentédveis (PS) na regiao metropolitana da Grande
Vitéria, ES.

A importancia do modelo fatorial na area de poluicao atmosférica, estd no fato de poder
ser usado para estimar a composicao das fontes de emissao, através de monitoramento de
elementos quimicos coletados em um determinado local (receptor), e contribuir no processo
de identificagdo das fontes de emissdo que influenciam no receptor (SEINFELD; PANDIS,
2006).

Segundo Seinfeld e Pandis (2006), as principais suposi¢oes de andlise fatorial para aplicagao
do modelo em poluicao atmosférica sao: as espécies quimicas usadas na modelagem nao

interagem entre si; os erros de medigoes sao aleatérios e nao correlacionados; a variabilidade
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das concentracoes entre as amostras ocorre, principalmente, por alteracoes de contribuicoes
da fonte e nao por medigoes incertas e mudangas na composicao da fonte; o efeito de processos
que afetam todas as fontes igualmente é muito menor que o efeito de processos que influenciam
fontes individuais; e por tltimo, existem muito mais amostras que os tipos de fontes, para

calculos estatisticos significantes.

O modelo fatorial comegou a ser estudado na area da psicologia, com avaliagoes da habilidade
mental. A andlise era feita utilizando matrizes de correlacoes de um conjunto de testes
cognitivos. Esta técnica foi estudada por Charles Spearman, em 1904, que apresentou a
teoria do fator de inteligéncia geral. Os resultados mostraram que o grau de inteligéncia
geral poderia ser descrito por um fator, e a inteligéncia especifica poderia ser expressa por
um fator relacionado ao assunto ou tipo do teste (SPEARMAN, 1904) e Johnson, Wichern
et al. (1992).

Segundo Mingoti (2005), a anélise fatorial tem como objetivo principal descrever a variabi-
lidade do vetor aleatdrio original, em termos de um numero menor de varidveis aleatorias,
chamadas fatores comuns. Os fatores sao relacionados ao vetor original por um modelo li-
near. Uma parte da variabilidade do vetor aleatério original é atribuida aos fatores comuns,
e a outra parte é atribuida aos erros aleatorios, que sao as variaveis que nao foram incluidas
no modelo. O modelo AF agrupa as variaveis originais em subconjuntos (fatores), de novas
variaveis mutuamente nao correlacionadas. No caso de um grande conjunto de varidveis me-
didas e correlacionadas entre si, o modelo fatorial permite identificar um ntimero menor de
variaveis alternativas, capazes de explicar as informacoes contidas nos dados originais. Os

valores numéricos dos fatores identificados sao denominados escores.

O problema a ser resolvido pela andlise fatorial é estimar a relacao linear entre o vetor
aleatério (representando os dados), a matriz dos fatores e o respectivo vetor de erros aleatdrios.
Na literatura, os métodos de estimacao mais utilizados sao: O método de maxima verossi-
milhanca, que é indicado quando o vetor aleatério tem distribuicao normal multivariada; e

o método de componentes principais, que tem a vantagem de nao exigir suposi¢oes sobre a
distribuigao de probabilidade do vetor aleatério (ANDERSON et al., 1958).

Nos ultimos anos, a analise multivariada, envolvendo o modelo fatorial e componentes princi-
pais, tem sido muito utilizada no processo de identificacao de fontes de emissao de poluentes
(BELIS et al., 2013; WATSON et al., 2002). Uma das vantagens destes modelos é a nao
exigéncia do conhecimento da fonte, utilizando apenas dados de composicao quimica do
contaminante, medidos no receptor. As limitacoes desses métodos sao a dificuldade de inter-

pretagao dos resultados, e a necessidade de grande quantidade amostral das concentragoes
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do contaminante no receptor (HOPKE, 1991).

Pires et al. (2008a), Pires et al. (2008b) utilizaram ACP para identificar locais similares de
poluicao do ar e identificar as fontes emissoras na regiao metropolitana de Oporto, Portugal.
Viana et al. (2006) identificaram as fontes de material particulado através de ACP e avaliaram
a influéncia dos dados de direcao do vento, em area de grande industrializacao no norte da

Espanha.

Além da utilizagao de ACP em dados de material particulado e em dados meteorolégicos, a
técnica pode ser empregada para avaliar e dimensionar uma rede de monitoramento ambi-
ental: Pires et al. (2009) utilizou a ACP para identificar as medigdes desnecessarias, ou de
pouca relevancia, no gerenciamento da rede de monitoramento da qualidade do ar na regiao
metropolitana de Oporto, Portugal. Os resultados mostraram que poderiam ser alterados os

pontos de monitoramento de poluentes.

Viana et al. (2008b) sugeriram combinagoes entre os modelos AF, ACP, FMP com o BQM
para interpretar as fontes e avaliar as limitacoes de cada modelo receptor. Os autores utiliza-
ram a ACP como método de estimacao dos loadings do modelo fatorial. Os autores Johnson,
Wichern et al. (1992) também sugeriram utilizar a ACP como método de estimacdo dos

loadings do modelo fatorial.

No modelo fatorial cldssico, o nimero de fatores pode ser estimado pelo método das com-
ponentes principais (ACP). Neste caso, a escolha do nimero de fatores é determinada pelos
autovalores nao nulos da matriz de correlagao. Escolhe-se o niimero de fatores que explicam
certa proporgao da variancia amostral total (JOHNSON; WICHERN et al., 1992). O ntimero
de fatores comuns do modelo deve aumentar, até que uma proporcao adequada da variacao
total amostral seja explicada. Johnson, Wichern et al. (1992) afirmam que o nimero de
fatores deve ser menor que o nimero de variaveis, para que o sistema de equagoes do modelo
fatorial seja linearmente dependente, e a variabilidade seja explicada por um niimero menor

de fatores do que o niimero de variaveis.

A anélise fatorial apresenta a dificuldade de interpretacao dos fatores estimados no modelo.
Para uma melhor interpretacao dos fatores é comum fazer uma rotacao ortogonal nos mesmos.
Segundo Mingoti (2005), a rotagao ortogonal mantém a orientagao original entre os fatores,
mantendo-os ortogonais apos esta transformacao. Apds a estimacao do modelo fatorial, é
sempre possivel encontrar uma nova solucao através de uma matriz estimada rotacionada
(JOHNSON; WICHERN et al., 1992). Isto permite concluir que a solu¢ao do modelo fatorial
nao é unica. FKEsta possibilidade de diversas solucoes se torna uma grande vantagem, por

permitir a busca interativa da solucao mais facil de ser interpretada, e que melhor explique
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o comportamento das variaveis analisadas.

Existem varios métodos de rotacao fatorial, e dentre eles pode ser destacado o varimax, pro-
posto por Kaiser (KAISER, 1958). O varimax se baseia na rotagao dos fatores utilizando
uma matriz ortogonal, e é comumente utilizado por apresentar solugoes mais simples (MIN-
GOTI, 2005). Segundo Johnson, Wichern et al. (1992). apés a rotagao dos fatores. a matriz
de covariancia estimada (ou correlagao) nao se altera. O mesmo acontece com os valores
das comunalidades e com as variancias especificas do modelo. Assim, afirma que trabalhar

matematicamente com as matrizes originais ou rotacionadas é equivalente.

A estimacao dos parametros do modelo fatorial pode ser feita se o modelo fatorial for con-
siderado, por analogia, como um modelo de regressao linear multipla. E possivel estimar o
vetor dos fatores pelo método dos minimos quadrados ponderados (JOHNSON; WICHERN
et al., 1992). Este método nado faz exigéncias quanto a distribuigdo de probabilidades do
vetor aleatorio, consequentemente, é de grande abrangéncia em termos de aplicabilidade do
modelo fatorial em dados que nao tém, necessariamente, comportamento normal (MINGOTTI,
2005).

Os estudos na area de séries temporais de poluentes atmosféricos envolvem o monitoramento
de dados medidos no receptor e nas fontes de emissao. Em geral sao feitas medigoes de
variaveis que sao autocorrelacionadas no tempo. O tratamento de séries temporais deve
considerar as relagoes entre as varidveis (WEI, 1994). Cada série ¢ uma componente de um
vetor de séries temporais multivariadas, que especifica a dependéncia dentro de cada série,
e a interdependéncia entre diferentes séries (HAMILTON, 1994). Por exemplo, é possivel
considerar o poluente MP;y medido no tempo como um vetor, e suas relagoes com outras

séries de poluentes como o MP, 5, em cada estagao de monitoramento.

Além disso, as séries de poluentes atmosféricos sao fornecidas em termos de médias horarias
de concentragoes dos poluentes e, portanto, apresentam grandes dimensoes no tempo e com
grande ntimero de variaveis. Para tratar o problema da analise de séries temporais de grandes
dimensoes, utilizando a andlise fatorial, alguns autores desenvolveram importantes teorias,

apresentadas a seguir.

Pena e Box (1987) desenvolveram um método para identificar os fatores comuns num vetor
de séries, na presenca e na auseéncia de autocorrelagao temporal. Neste caso, o procedimento
é feito da seguinte forma: uma parte do vetor de séries temporais é escrito por uma com-
binacao linear de fatores comuns nao observaveis, e outra parte é representada pelos fatores
aleatdrios. Os autores ainda demonstraram que a redugao da dimensionalidade ocorre através

da estimagao do nimero de autovalores e de autovetores da matriz de covariancia do vetor de
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séries temporais. Esta utilizacao de autovalores e autovetores para representar as matrizes
de dados multivariados ja havia sido estudada por (BOX; TIAO, 1977), dentre outros.

(BAI; NG, 2002) utilizaram a teoria de Pena e Box (1987) e desenvolveram novas abordagens
do modelo fatorial, para tratar as séries de grandes dimensoes. Os autores desenvolveram
um procedimento estatistico formal, para um estimador consistente do numero de fatores
de séries temporais com alta dimensionalidade, que contribuiu significativamente com os
modelos fatoriais na literatura. Inicialmente estabeleceram a taxa de convergéncia para os
fatores estimados, que permitiu a estimativa consistente do nimero de fatores. Posterior-
mente mostraram que as simulacoes, utilizando o critério proposto, é convergente e com boas

propriedades amostrais. Os estudos foram aplicados em dados econémicos.

Outros autores como Stock e Watson (2002) e Stock e Watson (2011)também estudaram o
modelo fatorial usando o método das componentes principais, em séries temporais macro-
economicas. Utilizaram o modelo fatorial para fazer previsoes em séries de alta dimensi-
onalidade, e mostraram que as previsoes usando os fatores sao assintoticamente eficientes,
quando o tamanho da mostra e o nimero de variaveis crescem. Referéncias sobre o modelo

de previsao utilizado por Stock e Watson podem ser encontradas em (FORNI et al., 2004) e
(BAIL; NG, 2002).

Pena e Poncela (2006) verificaram que o modelo fatorial é mais adequado para ser utili-
zado no tratamento de séries temporais de grandes dimensoes, se comparado a abordagem
tradicional, que utiliza modelos vetoriais autorregressivos de médias méveis (VARMA). No
caso do modelo VARMA, héa necessidade da estimacao de muitos parametros, tornando o
modelo parcimonioso. Alguns trabalhos relacionados a este tema podem ser encontrados em
Priestley, Rao e Tong (1974), Box e Tiao (1977), entre outros.

Modificagoes nos estimadores de (BAI; NG, 2002) foram propostas por Amengual e Watson
(2007). Os autores utilizaram os estimadores propostos por Stock e Watson (2006), sugeriram
um estimador consistente do niimero de fatores dinamicos, e aplicaram a técnica na estimacao

do nimero de fatores dinamicos em séries temporais economicas de grandes dimensoes.

Portanto, a teoria de Pena e Box (1987) se difundiu e foi utilizada também em diversos
outros estudos. Dentre eles, uma excelente abordagem é encontrada no artigo de Lam, Yao
et al. (2012), que é utilizada como base de referéncia para os estudos tedricos e para as
simulagoes feitas aqui nesta tese. Lam, Yao et al. (2012) se basearam na teoria de Pena e
Box (1987) e desenvolveram uma teoria assintética para estimar a dimensao de reducao das

séries temporais, através do modelo fatorial.

O modelo de Lam, Yao et al. (2012) pode ser utilizado em aplicagbes que apresentam a
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correlagao temporal, em séries temporais de memoria curta. O artigo de Pena e Box (1987)
pode ser utilizado em aplicagoes em que a correlacao cruzada e a autocorrelagao estao pre-
sentes. Entretanto, existem limitagoes para utilizagao dessas teorias em séries de poluicao
atmosférica, que comumente apresentam propriedades especificas em sua estrutura temporal.
Dentre estas propriedades se destaca a longa dependéncia, que influencia, de forma signifi-
cativa, na estimacgao da matriz de covariancia do modelo fatorial. Esta influéncia nao esta

devidamente explorada na literatura atual de analise fatorial.

Paralelamente aos estudos de andlise fatorial, os modelos de séries temporais se desenvolve-
ram de forma independente. No contexto de longa dependéncia, a literatura é bem vasta e
conhecida. Os estudos nesta drea foram iniciados por Hosking (1981). Reisen (1994) estudou
o modelo de longa dependéncia (ARFIMA) e desenvolveu um estimador do parametro de

diferenciacao fracionario do modelo, utilizando a fungao periodograma suavizado.

Atualmente, o efeito da sazonalidade foi incorporado ao modelo de longa dependéncia, com
aplicacoes em poluicao atmosférica. Neste contexto, os seguintes trabalhos sao destacados
na literatura: Reisen et al. (2014), Zamprogno (2013) e Monroy (2013).

Apesar da relevancia das contribui¢oes de Pena e Box (1987) e Lam, Yao et al. (2012),
seus artigos nao abordam outro problema bem comum nas séries de poluentes atmosféricos:
observagoes atipicas (outliers), que estdo presentes na maioria dos dados de poluigao do ar.
Normalmente estes outliers sao frequentes e ocorrem devido a emissoes excessivas de fontes

de poluicao, em curtos intervalos de tempo, ou por condigoes meteoroldgicas adversas.

A importancia dos efeitos causados por observagoes atipicas no modelo fatorial deve ser con-
siderada, pois os outliers provocam grande alteragdo na matriz de covariancia Cotta (2014),
Lévy-Leduc et al. (2011). E consequentemente, alteram a dimensao do modelo fatorial esti-
mado através desta matriz. O artigo 2 trata o problema da presenca de outliers e avalia o

seu efeito no modelo fatorial.

Portanto, no que se refere as caracteristicas de longa dependéncia e de sazonalidade, na
presenca de outliers em séries temporais de grandes dimensoes, a literatura referente a analise
fatorial necessita de contribuicoes tedricas e de estudos com aplicagoes praticas, na area de

poluicao atmosférica, que estao sendo propostas nesta tese.
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3 MATERIAIS E METODOS

3.1 REGIAO DE ESTUDO

A Regiao Metropolitana da Grande Vitéria (RMGV) é constituida pelos municipios de
Vitéria, Vila Velha, Cariacica, Serra, Fundao, Guarapari e Viana. A RMGV ¢é localizada
na regiao sudeste do estado do Espirito Santo. Sua drea é de 2331.03 Km? e possui uma
populacao de aproximadamente 1,884 milhao de habitantes, representando cerca de 48% da
populagao total do estado (IBGE, 2011).

A RMGYV é o principal polo industrial e econémico do estado, com aproximadamente 63,13%
do Produto Interno Bruto (PIB) do Espirito Santo. Nessa regido encontram-se atividades
de siderurgia, pelotizagao, mineragao (pedreiras), cimenteira, industria alimenticia, usina de
asfalto, etc. No ano de 2007 a RMGV possuia 49,18% da frota veicular total do estado (IJSN,
2008).

No que se refere ao relevo, a RMGV ¢é caracterizada por cadeias montanhosas nas porgoes No-
roeste (Mestre Alvaro) e Oeste (Regido Serrana). Planicies (Aeroporto e manguezais) e
planaltos (Planalto Serrano) na porgao Norte. Planicies (Barra do Jucu) na porgao Sul. To-
das porgoes sao intercaladas por macicos rochosos de pequeno e médio porte. As condicoes de
relevo no geral sao favoraveis, em grande parte da regiao, a circulagao de ventos para dis-
persao de poluentes (IEMA, 2013).

3.2 REDE AUTOMATICA DE MONITORAMENTO DA QUALIDADE DO AR DA GRANDE
VITORIA - RAMQAR

O inicio do funcionamento da RAMQATr foi no ano de 2000. A rede é de propriedade e
responsabilidade do Instituto Estadual de Meio Ambiente e Recursos Hidricos (IEMA). Para
o periodo de estudo, a rede é composta 9 estagoes de monitoramento, sendo que foram
utilizados de séries histéricas de dados de 8 estagoes distribuidas nos municipios da RMGV,
da seguinte forma: 2 estagbes no municipio de Serra (Laranjeiras e Carapina); 3 estagdes no
municipio de Vitéria (Jardim Camburi, Enseada do Sud e Centro); 2 estagbes no municipio
de Vila Velha (Ibes e Centro) e 1 esta¢do no municipio de Cariacica (Ceasa). A localizagao

espacial das estacoes de monitoramento da RAMQATr encontra-se na Figura 1.

Os poluentes monitorados nas 8 estacoes utilizadas da RAMQAR sao: diéxido de enxofre,
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Figura 1: Localizacao espacial das estacoes da RAMQATr.

particulas totais em suspensao, particulas inalaveis, ozonio, éxidos de nitrogénio, monoéxido de

carbono e hidrocarbonetos (HC). Além desses poluentes, alguns parametros meteoroldgicos

sao monitorados: dire¢ao dos ventos (DV), velocidade dos ventos (VV), precipitacao plu-

viométrica (PP), umidade relativa do ar (UR), temperatura (T), pressdo atmosférica (P) e

radiagao solar (I). Nem todos os poluentes e parametros meteoroldgicos sdo monitorados por

todas as estacgoes. Os poluentes e parametros monitorados por cada estagao estao mostrados

na Tabela 1.

Tabela 1: Poluentes e parametros meteoroldgicos em cada estagao da RAMQAT.

Estacao rPrs PM,, SO, CO NO, HC Os Meteorologia
Estagao Laranjeiras X X X X X X
Estagao Carapina X X DV.VV.UR,PP,P,T,I
Estacao Jardim Camburi X X X X
Estacao Enseada do Sua X X X X X X X DV.VV
Estacao Vitéria Centro X X X X X X
Estacao Ibes X X X X X X X DV, VV
Estagao Vila Velha X X
Estagao Cariacica X X X X X X DV,VvVv,T
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A estacao Enseada do Sud e a estacao Ibes sao as tnicas que registram as concentragoes de

todos os poluentes. A estacao Carapina monitora todos os parametros meteoroldgicos.

Este trabalho foi realizado utilizando os dados de SOy e de PM;g medidos na RAMQAR. O
periodo de medicao foi de janeiro de 2005 a dezembro de 2009. Os dados sao fornecidos em

médias hordrias de concentragoes medidas em pg/m?.

3.3 MODELAGEM UTILIZADA

Inicialmente o comportamento dos dados da RAMQAR foi avaliado estatisticamente. Foram
escolhidos os dados de SO, e de PM;( que apresentaram comportamentos especificos, neces-
sitando de desenvolvimento tedrico para serem caracterizados e para estimacao de previsoes

mais precisas.

Em seguida foi adotado um modelo SARFIMA na presenga de valores extremos (outliers),
para modelar as médias didrias de concentragoes de SO,. Para estimar os parametros fracio-
nais robustos dg and Dy foram combinados os métodos sugeridos por Reisen et al. (2014b),
Lévy-Leduc et al.(2011c) and Molinares et al. (2009). Baseado nos estimadores robustos
dr e Dp foi ajustado o modelo SARFIMA. O modelo SARFIMA foi utilizado para fazer a
previsao das concentragoes de SO, que foram comparadas com o modelo SARMA, através

do erro quadratico médio percentual.

Posteriormente foi proposto um modelo fatorial robusto, aplicado em séries temporais de
grandes dimensoes com propriedades de curta e longa dependéncia, na presenca de ob-
servagoes atipicas (outliers) e de sazonalidade. Alguns resultados tedricos foram discutidos e
investigados, empiricamente, através dos experimentos de Monte Carlo. E por fim, o modelo
fatorial foi aplicado para identificar o comportamento das concentragoes de PM;y na Regiao
da Grande Vitoria e utilizado para prever os niveis de concentracoes deste poluente. Estas

previsoes foram comparadas com o modelo vetorial autoregressivo (VAR).
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4 RESULTADOS

Nesta secao estao os resultados desta tese, apresentados em dois artigos: o artigo 1, Fractional
seasonal process with outliers to model and forecast daily average SOs concentrations e o
artigo 2, Robust Factor Modeling for High-Dimensional Time Series with short and long

memory: an Application to Air Pollution Data.

O artigo 1 aborda o efeito da sazonalidade e de memoria longa, em séries temporais que apre-
sentam outliers. O estudo é feito propondo um estimador fracional robusto para caracterizar
a longa dependéncia na presenca de sazonalidade. O efeito da ocorréncia de observagoes
atipicas também ¢ incluido no processo de estimacao da matriz de covariancia classica e de
covariancia robusta. A contribuicao pratica deste artigo, na drea de poluicao atmosférica, é
feita através da utilizacao do modelo SARFIMA em previsoes de séries de concentragoes de
SO, da RAMQAR. Além disso, é feita uma comparagao do modelo SARFIMA com o modelo
SARMA no processo de previsao da série de SO,. O artigo foi submetido a publicagao no

European Journal of Operational Research (classificacdo Al no sistema de avaliagio WEB-
QUALIS na area de Engenharias I).

O artigo 2 agrega as propriedades de sazonalidade, outliers e longa dependéncia ao modelo
fatorial, e contribui teoricamente com a analise fatorial para séries temporais de grandes
dimensoes. Isto permite uma melhoria significativa na estimacao dos modelos fatoriais e,
consequentemente, na aplicacao do modelo fatorial na area de poluicao atmosférica. O modelo
fatorial foi aplicado na previsao de concentracoes de PM;g na Regiao da Grande Vitoria, e os
resultados mostraram que ele apresentou melhor acuracia na previsao, em relacao ao modelo

vetorial autoregressivo (VAR).

O artigol e o artigo 2 estao apresentados a seguir.
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1. Introduction

The sulfur dioxide (SO,) is part of a group of highly reactive gases known as
"oxides of sulfur". The main sources of SO, emissions into the atmosphere come
from fossil fuels (coal and petroleum products), power plants and other industrial
plants. Other emission sources of SO, include industrial processes such as steel
and mining; burning fuels containing high sulfur by transport vehicles such as
locomotives and large ships; pulp industry and natural sources such as volcanic
emissions (Mallik et al., 2013; Andersson et al., 2013). High levels of pollution
emissions can result in peaks of concentration of SO, in the atmosphere.

The high concentrations of SO, are associated with several effects on pop-
ulation health, as the increase of chronic bronchitis (Kanaroglou et al., 2013).
The exposure to SO,, even for short periods of time (ranging from 5 minutes
to 24 hours), may cause respiratory problems, including bronchoconstrictor and
increased asthma symptoms. Consequently, these can cause an increase in hos-
pital admissions of the population at hight risk: elderly, children and asthmatics
(EPA, 2014). Epidemiological studies have also shown that especially at high
temperatures there is considerable rise in the association between mortality and
air pollution, mainly from pollution caused by SO, (Basu & Samet, 2002).

Furthermore, SO, is oxidized in the troposphere forming sulfuric acid (H,SOy)
which is deposited on the earth surface as acid rain (Georgoulias et al., 2009).
This phenomenon causes many ecological problems, such as the reduction of wa-
ter quality, the change in the growth of trees, the increase of the acidity of the
soil and aquatic ecosystems and the increase of the mortality of fish and wildlife.
In addition, sulfur dioxide contributes to the formation of ground-level ozone and
fine particle pollution. Thus, it is important to developed statistical methods to
model and forecast the SO, concentration, especially to the formulation of pre-
ventive and control measures of air quality by the rulers.

Several methods have been adopted to study the impacts of SO, pollution
at the environment, such as: principal component analysis and cluster analysis

(Cheng & Lam, 2000); artificial neural networks for predicting sulfur dioxide
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concentrations (Saral & Ertiirk, 2003) and other pollutants (Cook et al., 2006;
Brunelli et al., 2007); multiple regression models to investigate the influence of
emission sources and meteorological conditions on SO, pollution (Luvsan et al.,
2012); among others. Especially for modeling and forecasting, statistical models
based on multiple regression and time series tools, such as the Autoregressive
Integrated Moving Average (ARIMA) model (Box & Jenkins, 1970), have been
widely used for this class of problems (Prybutok et al., 2000; Hassanzadeh et al.,
2009).

Many time series have a pattern called seasonality that repeats itself after a
regular period of time. For pollutants, seasonal variation is often associated, espe-
cially with the changes in meteorological parameters. Furthermore, the reduction
of emission levels on the weekends can also provoke the seasonality in the series.
Thus, it is very important to consider statistical tools which take into account the
seasonality effect.

Recently, several authors have studied time series with long-term dependency.
In time domain analysis, the long-term dependence is generally characterized
by a slow decay of the autocorrelation, even for observations separated by a
large period of time. Granger & Joyeux (1980) and Hosking (1981) proposed
the ARFIMA model do describe the long-memory feature of a time series. The
ARFIMA process is an extension of the ARIMA model, where the parameter of
integration (d) assumes fractional values. The methods proposed for estimating
the parameters of the ARFIMA model are classified into parametric and semipara-
metric. Parametric methods consist of simultaneous estimation of model parame-
ters, usually by maximum likelihood. In the semiparametric method, the estima-
tion is performed in two steps: firstly, the parameter d is estimated; secondly, the
autoregressive and moving average parameters are estimated. The most popular
semiparametric estimator was proposed by Geweke & Porter-Hudak (1983). For
a recent review of this subject, see Palma (2007). Modifications of this estimator
have been developed by Reisen (1994), Lobato & Robinson (1996), Delgado &
Robinson (1996), Velasco (2000), among others. More specifically, Sena Jr. et al.
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(2006) and Molinares et al. (2009) investigated the estimator under various model
specifications, such as the presence of non-Gaussian errors and outliers.

Due to the important model features of the ARFIMA process, it is already be-
ing used in environmental problems. As an example, Iglesias et al. (2006) adopted
an ARFIMA model to analyse time series of pollutant concentrations that present
long memory and missing values. These phenomena are widely found in time se-
ries of different areas of interest. For instance, Windsor & Toumi (2001) studied
the variability of ozone and particulate matter concentration adopting the long-
memory methodology.

An extension of ARFIMA to handle time series with seasonality is the SARF
IMA model. Porter-Hudak (1990) applied the seasonal fractionally differenced
model to study the monetary aggregates of the United States. Koopman et al.
(2007) combined the SARFIMA and GARCH models to analyze the electricity
price. Reisen et al. (2014a) have estimated the fractional and seasonal parameters
of SARFIMA models by means of a semiparametric procedure, considering a non-
constant conditional error variance. Reisen et al. (2014b) studied the properties
of the SARFIMA model when the data presents one and two seasonal periods and
short-memory components. Ye et al. (2015) proposed a new method to estimate
the fractionally differencing parameter in the SARFIMA model using tapered pe-
riodogram.

Furthermore, environmental series usually contain observations influenced by
external events that can cause changes in their dynamics, sometimes transient and
sometimes permanently. These observations are known in the literature as outliers
and, depending on its nature, its effects on inferential processes can be substan-
tial. For example, in the presence of outliers there is an increase in the variance
of the stochastic process, which implies a decrease in the values of the autocor-
relations and loss of information about the structure of the autocorrelation of the
process. The property of memory loss presented by the sample autocovariance
function is discussed by Chan (1992, 1995). Although the study of long memory

models in the presence of outliers has recently been a subject of much interest
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to researchers, especially in the areas of economics and finance (Beran, 1994;
Franses et al., 1999; Tolvi, 2003), very few works have been devoted to this topic
in the environmental field. The proposal study in this paper, which concatenates
long-memory model, with more than one fractional parameter, robust estimation
and application to pollution data, has not been shown in other work.

Thus, the main purpose of this paper is to propose a robust semiparametric
estimator for the non-seasonal and seasonal memory parameters in SARFIMA
models based on a robust autocovariance estimators. The asymptotical results and
the effect of additive outliers in the fractional estimates are discussed. In addition,
the usefulness of the methods is applied to model and forecast the SO, concentra-
tion, measured at the Air Quality Automatic Monitoring Network (AQAMN) of
the Greater Vitoria Region (GVR), ES, Brazil.

This paper is organized as follows. Section 2 introduces the model, discusses
its properties and summarizes the parameter estimation methods. Section 3 deals
with the analysis and modeling of the SO, contaminant and forecasting issues.

Some conclusions are drawn in Section 4.

2. The model and parameter estimation

2.1. SARFIMA model and robust spectral estimation
A process X; = {X,},cz is defined as a zero-mean SARFIMA(p, d, ¢)X(P, D, Q);
model with non-seasonal orders p and ¢, seasonal orders P and Q, difference

parameters d and D, and seasonal length s € N* = IN — {0} if
n = VdXt (D

isa SARMA (p, g) X (P, Q), process (see, Brockwell & Davis (2006)). That is, the

process {1, },c7, satisfies
_ O(BHI(B)¢

r= ) 2
D(B*)¢(B) @

where {¢};cz is a white noise with E(¢;) = 0; Var(e;) = a'z; and B is the backward

operator satisfying B*Y, = Y,_; for any process {Y;},cz.

5
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In (1), the operator V¢ is defined by:
vi=(1-B)(1-B", 3)

where d = (d, D) € R? is the memory parameter vector; d and D are the fractional
parameters at the zero (or long-run) and seasonal frequencies, respectively. D = 0
implies that the process does not have seasonal poles. In addition, the fractional

filters are

(1 - BY = i( ' ](—B")j,k: 1,5, and x = d, D,

PRI

where

x| I'x+1)
i) TG+ DO(x—j+1)
and I'(-) is the well-known Gamma function.

In (2), the polynomials ®(-), ®(-), ¢(-) and 6(-) are given, respectively, by

(D(ZS) = 1-07 - (DZZZS — (DPZPS s

O') = 1-012° -0 -+ = 0g7%,
P2) = 1—prz—? = —¢p2’,
0z) = 1-6,z-6:72—---— praam

It is assumed that these polynomials have no common roots and satisfy the
conditions O(z*)¢(z) # 0 and O(z*)8(z) # O, for |z] = 1. Furthermore, in the
above equations, (®;)i<i<p, (0))i<j<0, (d)i1<k<p and (6¢)1<¢<, are unknown param-
eters. For more details, see, for example, Palma & Chan (2005), Giraitis & Leipus
(1995), among others. If |[d + D| < 1/2 and |D| < 1/2, X, is a stationary and in-
vertible process and, at seasonal frequencies w, € [—m,x], the spectral density

becomes unbounded and behaves as

-2d

2 sin &2 w— 0, (4)

fl+w,) ~ Clsw|™” >
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where C is a non-negative constant (more details see, for example, Proposition 1
in Reisen et al. (2014b)).

If, in addition to long-memory and periodicity features, X, also presents out-
liers, it is necessary to build a model that encompasses this type of characteristics.
To achieve this, the estimation procedure suggested here concatenates the meth-
ods given in Reisen et al. (2014b), Lévy-Leduc et al. (2011c) and Molinares et al.
(2009) to estimate the parameters of the model presented in Equation 1.

The robust estimation is summarized below. More details can be found in
Lévy-Leduc et al. (2011¢,b,a).

Let {Xi,..., X,} be a sample from the process X; (Eq. (1)). The periodogram

function of the process X, is given by

2

1
I(w)) = 2 , )

n
§ Xteiw_/'t
=1

where w; = %, J=1,...,(53 = 1), is the Fourier frequency.
Under the assumption of stationarity of the process X, I,(w;) can be also writ-

ten as follows:

n—1
1 )
In N — o —zwjk’ 6
(w)) P § Yie (6)
k=—(n—-1)
where ¥, is the sample autocovariance function of {Xy,..., X,}.

An alternative robust spectral estimator proposed by Molinares et al. (2009)
uses the robust autocovariance function for short-memory processes given in Ma
& Genton (2000) to replace the classical sample autocovariance ¥, in Equation
(6), obtaining a robust fractional estimator. The main asymptotic results of the
robust autocorrelation function (ACF) for long-memory processes are discussed
in Lévy-Leduc et al. (2011c). Here, as mentioned previously, the robust ACF
estimator will be used to obtain fractional seasonal estimates by combining the
method given by Reisen et al. (2014b) with the robust ACF discussed in Lévy-
Leduc et al. (2011c). Therefore, the estimation approach proposed here is an

extension to the methods discussed above.
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Ma & Genton (2000) suggested the following robust sample autocovariance

function .
Yolh) = 7| @y +v) = Q7 =) @)

where u and v are vectors containing the initial n—4 and the final n—h observations,

respectively, and the robust estimator for the autocorrelation function (ACF) is

Q} (u+v)—Q* (u-v)

P = G vV T 0, -

®)

It can be shown that [oy(h)| < 1 for all A. The function Q,(-) is a robust scale
estimator which is based on the rth order statistic of (2’) distances {|n; —nl, j < k},

and can be written as

On(m) = ¢ xAInj =l j < ko), ©)

where n = (171,1m2,...,1,), ¢ 1s a constant used to guarantee consistency (¢ =
2.2191 for the normal distribution) and 7 = {%J + 1. The asymptotic properties
of yo(h) for short and long-memory process are discussed in Lévy-Leduc et al.
(2011c,b,a). Some of their results are addressed in the following remarks. Note
that, since the SARFIMA model satisfies the model conditions given in these ref-
erences, the asymptotical results for the robust autocovariance discussed below

can be also extended for this process.

Remark 1. Under Gaussian distribution of the process, for short and long mem-
ory properties, Lévy-Leduc et al. (2011c) showed asymptotical results for Q,(n)
and %y o(h), with a special attention to long-memory time series, that is, processes

that have autocovariance funcion y(h) satisfying the assumption
y(h) = K L(h),

where L is a slowly varying function at infinity and is positive for large h. The

authors showed that for 0 < d < 1/4, the robust autocovariance estimator yo(h)
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has the same asymptotic behavior as the classical autocovariance estimator yy.
In this case, there is no loss of efficiency. The standard Gaussian ARFIMA(p, d, q)

is one particular case of the model discussed by the authors.

Remark 2. For 1/4 < d < 1,7o(h) has the rate of convergence equal to n'~** | L(n),
where L is a slowly varying function defined previously; the limiting distribution

is non-Gaussian and belongs to the second Wiener Chaos.

Based on the previous discussion and on Molinares et al. (2009), a robust

spectral estimator may be computed as follows

1 _
lo,(@) = 5 D kyo(h) cos(hw), (10)

lhl<n

where k(h) is defined as

k(h) is a particular case of the lag window functions used in classical spectral
theory to obtain a consistent spectral estimator, and M is the truncation point
which is a function of n, say M = G(n), where G(n) must satisfy G(n) — oo,

% — 0. G(n) is usually chosen to be G(n) = n®, where 0 < 8 < 1

n — oo, with
(see, e.g. (Priestley, 1981, pp. 433—437)). Note that, equivalently to the classical
spectral estimation theories, other lag window functions can be used to obtain a
robust spectral estimator, as discussed in Molinares et al. (2009).

The robust spectral estimator given in Equation (10) does not have the same
finite-sample properties as the periodogram. For large 4, the number of observa-
tions in the calculation of y,(h) is very small and, consequently, this function be-
comes very unstable. Then, to avoid these undesirable covariance estimates in the
calculation of the estimator given in Equation (10), Molinares et al. (2009) justify
the use of a truncation point M in the calculation of this sample function. Based

on empirical studies, Molinares et al. (2009) suggest M = n®, where 0 < a < 1.

9
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2.2. Robust semiparametric estimation method for d

Reisen et al. (2014b) suggest the estimator d = (cf, D) computed from the

approximated multiple linear regression equation

. [ SWk; 2 . [ Wkj 2
log I,(wy;) = ap — Dlog [2 sin (T)] —dlog [2 sm(T)] + Uy, (11

where ag is a constant and

L, (wy; L, (wy;
ui; = log (kj)—E[log (k])].

Sx(wy;) Sx(wg;j)

The frequencies wy;, k = 0,1, ...,[5], 1 < j < M, are defined as

Wk 2% p— ()
s = s n.’ ’ 12
Wi Z—Zki%, k:l,...,[%]_l' ( )

In the above equations, M is the bandwidth that has to satisfy
M\ 1
(—) logM+ — — 0, as n — oo,
n M

for some @ > 0 (see, e.g., Reisen et al. (2014b)).
Under some model conditions, which also includes the Gaussian distribution

for the innovations {¢},z, the authors establish that

VM@ - d) - N(W“b,%ZW‘l) : (13)
where b and W are a vector and a 2 X 2 matrix of constants, respectively.

The robust estimator of d proposed here is obtained directly from Equation
(11) by replacing I,,(wy;) by Ip, (wy;). This estimator is denoted here as dr =
(c?R, Dg). The choice of the bandwidths will be based on the empirical evidence
given in Molinares et al. (2009) under the restrictions of Equation (12). The es-

timator is implemented in R-project (R Development Core Team (2014)) and the

10
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code can be obtained under request.

3. Analysis and results of modeling SO, concentration based on the robust
estimator

As previously mentioned, the daily average SO, concentration is the data set
analyzed to show the effect of high levels of the pollutant, considered here as
outliers, on the parameter estimates and also on the empirical performance of the
robust estimator. The series is expressed in ug/m? and was measured at the Air
Quality Automatic Monitoring Network (AQAMN) of Cariacica, which belongs
to the Metropolitan area of the Great Vitéria Region (GVR) - ES - Brazil. GVR
is comprised of seven cities with a population of about 1.7 million inhabitants in
an area of 2,331 km?. The region is situated along the South Atlantic coast of
Brazil (latitude 20°19S, longitude 40°20W) and has a warm tropical climate, with
average temperatures ranging from 24°C (Celsius) to 30°C.

The raw series has a sample size of 1826 observations, measured from Jan-
uary 1st 2005 to December 31st 2009. The series has mean X = 4.87ug/m? and
standard deviation equals to 2.26 ug/m?. Maximum concentration is generally
observed in the winter months from July to September. The series has many ob-
servations with high SO, values compared with the whole data. These high levels
can be viewed here as outliers, since their values can provoke serious damage to
the statistical functions such as the mean and the standard deviation and, there-
fore, may destroy the correlation structure of the series, leading to spurious data
analyses.

Since the series presents large variability, the log transformation was used
(Y, = log(X,)) and the new series was centered on the mean (Z, = Y, — Y). More-
over, the series was divided into two parts: learning and prediction sets. The 1626
observations from January 1st 2005 to June 14th 2009 are considered as learning
set and the remaining 200 observations are considered for the forecasting study.

The discussion of the possible effect of high levels of the pollutant in the classi-

cal sample statistical time series functions is now addressed. The sample autocor-

11
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relation (ACF), the partial autocorrelation (PACF) and the periodogram functions
of Z, are shown in Figure 1. These plots indicate possible seasonal behavior with
a period equal to seven, which is an expected result since the data are daily mean
levels. However, due to the hight levels of SO,, any conclusion based from these
plots may lead to an erroneous analysis.

In this paper, the way to verify whether or not there is any damage in the
statistical procedures caused by atypical observations is to compare, for example,
the plots of the classical ACF, PACF and periodogram functions with the robust
ones displayed in Figures 2(a), 2(b) and 2(c), respectively. The high levels of
the concentration reduce the size of the classical ACF and PACF functions while
increase the peaks of the periodogram, that is, the classical periodogram across the
frequencies close to zero are much higher than the robust ones. These are expected
results which are theoretically justified in Corollary 1 of Molinares et al. (2009).
Note that the long memory property of the series is well observed by looking at
the periodogram plots in Figures 1(c) and 2(c). Both plots indicate high values for
the frequencies close to zero.

Additionally, in Figures 1(d) and 2(d) the log-periodogram is plotted against
the log of the frequencies, for classical and robust cases, respectively. The figures
also present the ordinary least square estimator of 3; in the model log[l(w;)] =
Bo + Bilog(w;), where i = 1, if classical, i = 2, if robust, and j = 1,..., M, with
M = n®3°, Comparing the intensity of the long memory dependency (the slopes of
the regressions in Figures 1(d) and 2(d)), it can be observed that the dependency
is larger for the robust estimator (|3;] < |3.]). As the SO, concentrations present
seasonality, the conclusions about the estimator ; should be take with care.

The evidences of seasonality, long memory behavior and outliers, corrobo-
rated by the above discussion, motivates the use of the SARFIMA model with
robust estimation. The robust SARFIMA modeling strategy follows similar steps
suggested in Hosking (1981) and investigated empirically by Reisen (1994) and
Reisen & Lopes (1999). In semiparametric procedures, the estimation of the

model parameters is performed in two steps: firstly, the parameter vector d is
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Figure 1: ACF, PACF, periodogram of Z, and and log(classic periodogram) versus log(frequency).

estimated based on the procedures presented in Section 2.2. Secondly, the trun-
cated filter (1 — B)‘i(l — B‘)D is used to filter the observations. This new series
is used to estimate the autoregressive and moving average parameters. The fitted

models and their accuracy are discussed in the next subsections.

3.1. Adjusted models

The robust and classic estimates of the parameter vector d are displayed in
Table 1 for different bandwidths (M) (as discussed in Sections 2.1 and 2.2). The
values in brackets correspond to the standard deviations. Note that the estimates

do not satisfy all the stationary conditions, that is, 0.5 < |c? + DI < 1.0, but the
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Figure 2: Robust ACF, PACF, periodogram of Z, and log(robust periodogram) versus
log(frequency).

model still has the mean reverting property in the sense that its cuamulative impulse
response weights sum to a finite number.

In the semiparametric approach, the choice of estimates depends on the size of
the bandwidth. For example, large M gives more bias to the fractional estimators,
when there are short-run components in the model. It can be noted that increasing
M leads to fractional estimators with less power. As expected, all estimates using
the classic periodogram were lower than those adopting the robust periodogram.
This is due to presence of aberrant observations in the SO, concentrations, as

discussed in Section 2.1. In this work, @ was chosen equal to 0.80 and thus, using
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the robust periodogram, dg = 0.4510 and Dy = 0.2610.

Table 1: Estimates of dg and D for different bandwidths (M) for Z;, using the robust and classical
periodogram

Robust periodogram
a M dy sd(dy) Dr sd(Dg)
0.76 25 0.4706 (0.0465) 0.2934 (0.0304)
0.78 28 0.4675 (0.0423) 0.2723 (0.0285)
0.80 33 0.4510 (0.0398) 0.2610 (0.0280)
0.82 38 0.4565 (0.0359) 0.2391 (0.0262)
0.84 43 0.4534 (0.0337) 0.2202 (0.0254)
0.86 49 0.4511 (0.0307) 0.2100 (0.0240)
0.88 57 0.4539 (0.0281) 0.1724 (0.0229)
0.90 65 0.459 (0.0262) 0.1594 (0.0221)
Classical periodogram
«a M d sd(d) D sd(D)
0.76 25 0.4295 (0.0578) 0.2214 (0.0378)
0.78 28 0.4303 (0.0552) 0.2080 (0.0372)
0.80 33 0.4301 (0.0500) 0.1925 (0.0351)
0.82 38 0.4221 (0.0481) 0.1923 (0.0351)
0.84 43 0.4099 (0.0451) 0.1952 (0.0341)
0.86 49 0.3983 (0.0420) 0.1661 (0.0329)
0.88 57 0.3876 (0.0386) 0.1440 (0.0315)
0.90 65 0.3815 (0.0362) 0.1456 (0.0305)

Now, using the fractional differences, showed in Table 1 with @ = 0.80, the
series 7, = (1 — B)“?R(l — B“)DRZI, t =1,...,1625, was obtained. Figure 3 shows
the sample robust ACF and robust PACF functions of 7.

Based on the sample robust ACF and PACF functions displayed in Figure 3
and also on the Akaike information criterion (AIC), that was equal to 1,557.30,
the MA(1) model was chosen to fit 7j,. Table 2 shows the estimated model. The
MAC(1) estimate was computed by the Hannan-Rissanen algorithm, in which the
classical autocovariance was replaced by the robust one. Although the MA(1)
component is adding a small contribution, the SARFIMA(0, d, 1) x (0, D, 0); was

chosen for the SO, average data.
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Table 2: Adjusted SARFIMA model for SO, concentration

Parameter Estimate sd
d 0.4511  0.0398
D 0.2610 0.0228
6, 0.0225 0.0145

Model adequacy is now addressed (Table 3). The Box-Pierce and Ljung-
Box statistics (robust tests) demonstrated that the sample residuals are not time-
correlated. In addition, the results also showed that the residuals are not normally
distributed, which was an expected result since the original data is skewed to the
right.

Table 3: Tests for normality* and non correlation (robust tests)**
Shapiro-Wilk*  Jarque-Bera* Box-Pierce** Ljung-Box**
<0.0001 <0.0001 0.8403 0.8404

Note: the p-values correspond to the robust Box-Pierce and robust Ljung-Box test statistics with
lag 1. Other lags were tested and they presented similar conclusions.

As an alternative way to show the usefulness, the quality and the forecast-

ing performance of the proposed model is to compare it to standard SARMA
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models. Based on the standard Box-Jenkins strategies (Box et al., 2008) and
also on the robust autocovariance, the SARMA(1, 0) X (1,0); model (with AIC
equal to 1,711.16) was chosen to fit the raw data among other candidates in the
SARMA class. The residual analysis of SARMA model shows similar conclu-
sion to the SARFIMA model, that is, the residuals were right-skewed and un-
correlated. The forecast performance of the SARFIMA(O, d, 1) x (0, D,0); and
SARMAC(1,0) x (1, 0); models is discussed in the next subsection.

3.2. Forecasting issues

In this subsection, the performance of the SARMA and SARFIMA models
are compared considering forecasts one to ten-step ahead. As stated before, the
observations from June 15th 2009 to December 31st 2009 were discarded from
the modeling stage (200 observations) to be used in the out-of-sample forecast
study.

To measure the accuracy of the forecasts, the criteria used was the Prediction
Mean Square Error (PMSE) and the values are displayed in Table 4. From this
table, It can be seen that the SARFIMA model presented more accurate forecasts
than the SARMA model, especially for long-term forecasts. The forecast per-
centage rates (in the last column in the table) clearly show the superiority of the
SARFIMA model. In addition, the Diebold-Mariano test (Diebold & Mariano,
1995) showed that the forecast of the two models are significantly different and
confirmed the superiority forecasting performance of the SARFIMA model. For
example, for 4 = 1 and 10, the statistic test gave p-values of 0.5 x 107> and 0.025,
respectively, showing with high probability the rejection of the null hypothesis in
favor of the SARFIMA forecasting performance.

Figure 4 presents the visual analysis of the one-step-ahead forecast values of
the SARFIMA model, that is, from June 15th 2009 to December 31st 2009. It
can be observed that it indicates a reasonably good performance of the model
proposed here. The SARFIMA model was able to capture the dynamic of the SO,
series for one-step-ahead forecasts. These results corroborate the power of the
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fitted robust SARFIMA model to forecast the SO, concentration over the robust
SARMA model, especially for long-term forecasting.

Table 4: PMSE of the two fitted models values to the SO, concentration
Horizon SARMA (A) SARFIMA (B) [(A/B)-1]*100

1 0.0955 0.0857 11.48%
2 0.1220 0.1034 18.02%
3 0.1322 0.1079 22.56%
4 0.1393 0.1126 23.72%
5 0.1435 0.1140 25.85%
6 0.1463 0.1156 26.59%
7 0.1479 0.1161 27.33%
8 0.1635 0.1264 29.38%
9 0.1706 0.1240 37.54%
10 0.1736 0.1236 40.43%
g w© — Braégicted

0 50 100 150 200
Time (days)

Figure 4: Forecasted values by the SARFIMA model and SO, concentration (ug/m?®) from June
15th of 2009 to December 31st of 2009, one-step-ahead.

4. Conclusions

In this article was adopted a SARFIMA model under effects of outliers to

model daily average SO, concentrations. The statistical analyses showed that the
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SO, series presents seasonality and long memory behavior. To estimate the ro-
bust fractional parameter dg and Dk, this paper combined the methods suggests
in Reisen et al. (2014b), Lévy-Leduc et al. (2011c) and Molinares et al. (2009).
Based on the robust estimators of ciR and Dy it was adjusted a SARFIMA(0, d, 1)x
(0, D, 0); model. The results suggested that residuals are uncorrelated and not nor-
mally distributed. Standard SARMAC(1, 0) x (1, 0); model was also considered to
measure the forecasting quality of the SARFIMA model. The PMSE indicated
that the robust SARFIMA model presented a high level of accuracy, especially to
forecast for long lead times. The robust fractional parameters is an attractive pro-
cedure for estimating the parameters of the SARFIMA model with long memory,
seasonality and outliers and can be easily used in a real application in several areas
of study. The results in this paper will hopefully stimulate further research on us-
ing robust estimation method and long-memory models to represent and forecast

environmental time series.
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Abstract

This paper considers the factor modeling for high-dimensional time series with short
and long-memory in the presence of additive outlier. The factor model studied by Lam &
Yao (2012) is extended to consider the long-memory (VARFIMA model) and the presence
of outliers. The estimators of the number of factors are obtained by an eigenanalysis of
a non-negative definite matrix, i.e, the covariance matrix or the robust covariance matrix.
The proposed methodology is analyzed in terms of the convergence rate of the number
factors by means of asymptotic properties and Monte Carlo simulations. As an example
of application, the robust factor analysis is utilized to identify pollution behavior for the
pollutant PMy in the Greater Region of Vitdria aiming to reduce the dimensionality of the
data.

Keywords: air pollution, factor analysis, autocorrelation, robustness, long-memory, eigenval-
ues.

1 Introduction

In the last 50 years, issues related to air pollution problems have increased considerably
and these have been growing, especially in developing countries, where the air quality has
been degraded as a result of industrialization, population growth, high rates of urbanization,
and inadequate or non-existent policies to control air pollution, among other reasons. The
problems caused by air pollution produce local, regional and global impacts. Among different
environmental problems, air pollution is reported to cause the greatest damage to health
and loss of quality of life. The most common human health problems caused by the air
pollution are asthma, rhinitis, burning eyes , fatigue, dry cough, heart and lung diseases
and heart failure. For example, among the other the large amount research in the area,
the works by Brunekreef & Holgate (2002), Maynard (2004), WHO (2005), Curtis et al.
(2006) showed the relationship between the legislated pollutants (inhalable particles with
smaller diameter than 10 micrometers (PM;g), carbon monoxide (CO), sulfur dioxide (SO3),
nitrogen oxides (NO,) and ozone (O3)) and health problems. Issues relating to air quality
have become increasingly important, since several health problems stem from air pollution,
such as: asthma, rhinitis, eyes burning, fatigue, dry cough, heart and lung diseases, heart
failure , and, etc. Authors as Brunekreef & Holgate (2002), Maynard (2004), WHO (2005),
Curtis et al. (2006), among others, showed the relationship between the legislated pollutants
(inhalable particles with smaller diameter than 10 micrometers (PMjg), carbon monoxide
(CO), sulfur dioxide (SOs), nitrogen oxides (NO,) and ozone (O3)) and health problems.
In 2012, for example, the death of 4.3 million people have been attributed to air pollution
(WHO 2014). In addition, air pollution contributes to the degradation of the environment,
contributing to the greenhouse effect.

o8



In the recent studies related to air pollution much attention has been paid to the mathemat-
ical models named receptor models, which attempt to measure and analyses concentrations
at their sources from a given site without reconstructing the dispersion patterns of the pol-
lutants, such as Particular Matter (PM), Sulfur Dioxide (SO2) among others. These models
have mathematical and statistical tools which are mainly used to provide the identifica-
tion of the pollutant emission sources from chemical characteristics of the particles on the
receiver and the pollutant emission sources (Seinfeld & Pandis 2006). In the literature,
the majority of receptor models studied are: chemical balance of mass (CBM), multivari-
ate analysis, principal component analysis techniques (PCA), factor analysis model (AF),
multiple linear regression, cluster analysis, factoring positive matrix (FPM), among others
(Watson et al. 2002). Regarding the classical factor analysis, this technique has been widely
used in the area of air pollution, especially for the identification of emission sources, the
management of monitoring networks, regression analysis, cluster analysis and prediction,
among others.

Many time series arising in practice are best considered as a component of multivariate time
series models, which accommodate the serial dependence of each component and, also, the
interdependence between different components. However, it should be noted that, among
the studies that adopted the classical principal component and techniques factorial analysis,
especially in the area of air pollution , the time-dependence of the data is a common feature
neglected, since the standard assumption of these multivariate statistical tools is the inde-
pendency of the data ( see, for example, Anderson (2003) and Johnson & Wichern (2007)).
For example, the recent PhD thesis of Zamprogno (2013) shows ,empirically, spurious statis-
tical analysis when applying PCA specifically in multivariate time series with more than a
weak dependence property. To deal with this problem, Pefia & Box (1987), Stock & Watson
(2002), Lam et al. (2011) and Lam & Yao (2012) studied the factor modeling for multivariate
time series from a dimension-reduction point of view. Differently from the PCA and factor
analysis for independent observations, these papers look for factors which drive the serial
dependence of the original time series. Further discussions and additional references in this
direction can be found in the Introduction section of Lam & Yao (2012).

Apart from the purpose of dimension reduction, factor analysis has been widely used with
the aim of forecasting in the sense this technique can drastically reduce the order of the
estimated model which is one of the main justifications of the use of this method in real
applications.

According to Stock & Watson (2002), in forecasting investigation, where the number of
candidate predictor series (say, k) can be very large this can make the impractical viable
such as, for example, in the use of vector autoregressive moving average (VARMA) models
with a large number of parameters. This high-dimensional problem is simplified by modeling
the covariability of the series in terms of a relatively small number of unobserved latent
factors. Forecasting can then be carried out in a two-step process: first, a time series of the
factors is estimated from the predictors; second, the relationship between the variable to be
forecast and the factors is estimated by a linear regression, for example.

The environmental time series are often of a high dimension due to a large number of in-
dices monitored across many different locations, these data may also present interesting
phenomena to be considered from applied and theoretical statistical points of view. As
investigated in Reisen et al. (2015), Reisen, Sarnaglia, Reis, Lévy-Leduc & Santos (2014),
and Reisen, Zamprogno, Palma & Arteche (2014) the pollution data, in general, presents
the long-memory behaviour at zero and seasonal frequencies, non-stationarity (local trend,
unit root etc), periodicity, asymmetry, volatility, among other characteristics. In time do-
main analysis, the long-term dependence is generally characterized by a slow decay of the
autocorrelation, even for observations separated by a large period of time. If this is not
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considered in the model estimation, the series can cause a loss of information of the data
correlation structure (Hosking (1981), Granger (1980, 1981), Granger & Joyeux (1980),
Sowell (1992a,b),Reisen (1994) and Chung (2002)).

In addition to the above features, pollution data may have high level observations which
can be defined as outliers from the statistical point of view. The outlier effect on the
model estimation in univariate long memory processes has been the motivation of the papers
Molinares et al. (2009), Lévy-Leduc et al. (2011b,¢), Cotta & Reisen (2015) and references
therein.

As is well known (see, for example, Chang et al. (1988), Tsay (1988), Chen & Liu (1993) and
the references therein), the outliers can destroy the statistical properties of sample functions
such as the standard mean and covariance. Since the estimation of time series models is
connected with these sample functions, the final estimated model can be strongly affected by
large peaks of the concentration. One way to deal with model estimation with outliers is to
use the robust the robust ACF function based on the robust scale function @, (.) proposed
by Rousseeuw & Croux (1993a). The extension of this statistics for multivariate ARMA
model is the recent paper by Cotta & Reisen (2015)).

This paper considers most of the above phenomena while using factor analysis for dimension
reduction and forecasting issues with special attention to air pollution variables. In this
context, the paper extends the dimension reduction test proposed in Lam & Yao (2012) for
a fixed model order k and when the sample n going to infinity, but considering the presence of
possible atypical observations (high levels of the pollutants) and the short and long-memory
phenomena characterized by VARFIMA models. In this direction, this papers proposes,
as a novelty, the use of the robust long-memory estimation method, given in Reisen et al.
(2015), which make uses of @,(.) proposed by Rousseeuw & Croux (1993a) and considered
in Ma & Genton (2000) for ARMA models, to identify the number of the factors under
VARFIMA processes with additive outliers. Some theoretical results are discussed and their
performance, for finite sample sizes, is investigated trough Monte Carlo simulations. The
usefulness of the proposed methodology is applied with aim of reducing the dimension of
data observed at the Air Quality Automatic Monitoring Network (AQAMN) of the Greater
Vitoria Region (GVR) Brazil, and to obtain forecasting observations.

Besides the introduction, this paper is divided as follows. In the Section 2, the model and
the estimation methods are presented. The asymptotic properties of the estimation methods
are investigated in Section 3. Section 4 presents some Monte Carlo experiments so as to
support our theoretical claims. The data obtained from AQAMN stations are studied as
an example of application in Section 5. Some concluding remarks are provided in Section
6.

2 Factor model in time series

2.1 The factor model with independent factors and long mem-
ory

Let Z;, t € Z, be a k-dimensional vector of an observed time series, and let z; = Z; — u, be
the vector of deviations from some origin p, that will be mean if the series are stationary.
Here, it is assumed without loss of generality that p, = 0. Also, let ; be an unobserved
r-dimensional vector of common factors. It is assumed that these series are generated by r
(r < k) factors, x;, plus a measurement error €; as
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zy = Px; + €, (1)

where P is a k X r matrix of parameters of rank r, and €; is a k-dimensional white-noise
sequence with full-rank covariance matrix 3. whose spectral density f,()) is bounded away
from zero at the zero frequency A = 0. Thus, all the common dynamic structure comes
through the common factors, x;.

Suppose that the vector of common factors x; = (:El,t,...,xr,t)/, t € Z, follows a zero-
mean r-dimensional stationary vector Fractional Autoregressive Moving Average process
(VARFIMA(p,, dy, qz)) given by

¢.(B)D,[(1 — B)Yx; = 0,(B)ay, (2)

where

¢:(B) =1 —¢1B—---— ¢, B”

and

em(B):I+01B+...+9qu

are matrix polynomials in the backshift operator B, the ¢'s and the s are r x r matrices,
the roots of the determinant polynomial |¢, (B)| are all outside the unit circle, and those of
|0 (B)| are all outside the unit circle. In addition, a; is a sequence of r X r vector Gaussian
White noise with zero mean and covariance matrix X,. It is assumed that the r factors
are independent and that all of the ¢ and @ matrices are diagonals. Later, this assumption
will be replaced by a more general one; that is, the contemporaneous dependency in the
noise matrix 3, will be also considered, however, the only assumption is that 3, is positive
definite. The operator D,[(1 — B)%] is a r x r diagonal matrix with (1— B)%,... (1 — B)dr
on the diagonal (see, for example, Chung (2002)). As in the univariate case; that is, in the
ARFIMA (p,d;,q) model, the parameter d; governs the dependency of the process and if
—0.5 < d; < 0.5, for all i =1,...,r, then the process x; is both stationary and invertible,
which are the assumptions here considered for the model (2) (Hosking (1981), Granger
(1980, 1981),Granger & Joyeux (1980), Sowell (19924,b) and Reisen (1994)). As in the case
of univariate ARFIMA process, the type of dependence of the VARFIMA process, follows
the general definition of the memory of a univariate stationary time series process y;,t € Z,
with finite variance (see, for example, Taqqu (2003)). The following are common definitions
of short, long and intermediate dependency.

e The process y; has absolutely summable autocovariance; that is, the ACF decays at
a geometrical rate in the sense that there is an upper bound | p,(h) |< ba", such
that,0 < b < oo and 0 < @ < 1 are constants. This implies that the process belongs to
the short-range dependence class and the spectral density satisfies 0 < f,,(0) < co. In
the case of the ARFIMA process, when d; = 0 the resulting process is short-memory.
If this is valid for all 4, then the VARFIMA model becomes an VARMA model (short-

memory);

e The process does not have absolutely summable autocovariance; that is, the ACF
decays at a hyperbolic rate such as p,(h) ~ h™* (for some 0 < « < 1). In this
situation, the process is defined to have long-memory property and f,(0) = oco. In
the ARFIMA case, the long-memory is defined when 0 < d < 0.5, whereas for the
VARFIMA model there is at least one i such that 0 < d; < 0.5;
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e The intermediate memory of an ARFIMA model is defined when the memory param-
eter is in [—0.5,0).

Remark 1. The VARFIMA process x;, t € Z, can be written as an infinite stationary
second-order moving average representation as follows:

Ly = ZlIljat_j, (3)
7=0

where the innovations a; = [a1y,...,ars) are r-dimensional martingale differences with
respect to an increasing sequence of o-fields {F} such that for some A > 0, sup,E(|a; +|>T*
IFio1) < o0, a.s., for alli = 1,...,r. Let E(a:a}||F+-1) = X4, a.s. The r X r matric

coefficients W; are often referred to as impulse responses. The main characterization of the
process x4 considered in this paper is that impulses responses W; converge at slow hyperbolic
rates as j —> oo. More precisely, there are r memory parameters di,dsa,...,d., whose
values lie in (0,0.5) such that the impulse responses W; can be approzimated by

_ Lo '
v D[F(d)j ]I_L as j — o0, (4)

where T'(+) is a gamma function and II is a nonsingular r X r matriz of constants that
are independent of 7 and may be functions of a smaller set of unknown parameters. The
notation D[j*1/T'(j)] represents a r x r diagonal matriz with j=1/T(dy),...,j%~1/T'(d,)
on the diagonal. In fact, for any univariate function f of a single variable, the notation
DIf(d)] represents r x r diagonal matriz with f(dy),..., f(d,) on the diagonal. Also, the
notation ~ 1is defined as follows: given two sequences of matrices U; and Vj, as j — oo,
for i and r, where u; ,; and v;, ; are the (i,7)th elements of U; and of V;, respectively.
Let 1[;1’47]4 and ; be the ith rows of ¥; and II, respectively; then Equation (4) implies that

i~ JhI0(d;) " wl, as j — oo, for all i = 1,...,r. Note that the conditions on the
memory parameters d; € (0,0.5), for i = 1,...,r, ensure that the impulse responses are
square-summable and the infinite sum in Equation (3) exists.

Remark 2. Given the hyperbolic convergence rates of the impulse responses (Equation (4)),
the cumulative impulse responses also progress at hyperbolic rates as follows (see Lemma (1)
in Chung (2002)).
J
1

U, =D |——j¢ 1 j— 5
Remark 3. The autocovariances I'(j) = Cov(xs, @14 ;) of the process x, must also converge
at hyperbolic rates as follows (Chung (2002)).

I'(j) ~ D(j4%%).A. D7), as j — o0, (6)

where the (i,7)th element of the r x r matriz A is Gamma(l — d; — d,.)/[T'(d,;) x T'(1 —
dy)]. w BTy,

Hence, as j — o0, not only do the autocovariances ; ;(j) of each x;; die out slowly at
a hyperbolic rate, i.e, v; ;(j) ~ j24~LT(1 — 2d;)/[T(di)T(1 — d;)].7iEqm;, the covariances
Yir(j) between the current x;: and the future x, .y, for i # r, also vanish at hyperbolic
rates, i.e., Vir(j) ~ jETETI0(1 — d; — d,)/[T(dy) x D(1 — d,.)].wiEqm,.. Hosking (1996)
presents the result for the univariate case.
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Returning to Model 1, the matrix P will be called the factor-loadings or factor-weights ma-
trix, and its elements p;; represent the weight of the factor j in the observed ith component.
If C is any r x r nonsingular matrix, the generating equation could also be written as

z; = Pz} + ¢,
where P* = PC~! is the new rectangular matrix of coefficients and x; = Cx; is a linear

transformation of the factors. Multiplying the Equation (2) by C' gives

C¢(B)D,[(1- B)YC~'Cx, = CO(B)C 'Cay,

¢"(B)z; = 6" (B)a;

so that the model for the new set of factors is again an r-dimensional VARFIMA (p,, d., ¢.)
model whose parameters are given by

¢*(B) = C¢(B)D[(1 - B)|C™",

0*(B) = CO(B)C*,

¥ =C%,C".

To remove this source of indeterminacy, it is assumed P’P = I, where I is the identity
matrix.

Lemma 1. Let z, = Pxy+€; as defined in Equations (1) and (2) and assume that T',(h) =
E[zi_pz;] are the covariance matrices of the process z; and T'y(h) = E[xi—px};] are the
covariance matrices for the generating vector ;. Then

r.(0) = PT,(O)I" + X, (7)
I.(h) = PT,(h)P', h>1, (8)

where rank(T,(h)) = rank(T;(h)), as h > 1.

Lemma 2. If the factors are independent for all lags and the matriz X, is diagonal, then

a) All of the covariance matrices T'y(h) are diagonal;
b) The matrices T',(h) are symmetric for h > 1;

¢) By Spectral Decomposition (see Result 2A.14, Johnson & Wichern (2007, p. 100)),
the columns of P will be eigenvectors of T',(h) with eigenvalues v;(h), where v;(h) are
the diagonal elements of T, (h).

Theorem 1. Suppose z; = Px; + €, where x; is a r-dimensional VARFIMA(py,dy, qx)
process, P is a kxr matriz (k > r) of rank r, and €; is a k-dimensional white noise sequence
with covariance X.. Then z; follows a k-dimensional VARFIMA(p,,d.,q,) with p, = p,
d, =d, and q. = max(ps,qz).
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Remark 4. In Equation (2), consider y; = D.[(1 — B)x;. Then, if the parameters of
long memory (d;) are all equal to zero, the model presented in Equation 2 becomes the short
memory model described by Pena & Box (1987), i.e., a VARMA(p, q). Thus, ¢(B)D,[(1—
B)z, = 0,(B)a; becomes ¢, (B)y; = 0,(B)a,.

An important conclusion from Theorem (1) is that the autoregressive matrices of the mul-
tivariate observed process z; must satisfy

(k)P = Pgi(k), 9)

where ¢ (k) = ¢.(k)D.[(1 — B)Y] and ¢%(k) = ¢.(k)D,[(1 — B)4], and which has the
general solution

¢%(k) = P¢,(k)P~ + A(I-PP"), (10)

where P~ is a generalized inverse of P that satisfies PP~ P = P and A is any arbitrary
matrix (nonull matrix of rank = k —r), with the only restriction being that the roots of |¢. |
are outside the unit circle. As the ¢%(k) is diagonal, Equation (9) shows that the columns
of P are eigenvectors of ¢3(k), with eigenvalues as the diagonal elements of ¢% (k). The
matrix ¢ (k) can have any rank, because of the presence of the arbitrary matrix A.

2.2 The factor model with dependent factors

The main difference between the basic properties of the independent factors and dependent
factors is related to the eigenvectors of the covariance and autoregressive parameter matrices
that are not columns of the factor-loading matrix in the second case. Equations (8) and (9)
are held in this case, but same conclusions are different. For instance, assume starting with
Equation (8),

I.(h) = PT,(W)P', h>1,

Let 'y (h) = UhDhU,fl, where D), is diagonal, it is clear that I", (h) has the same eigenvalues
as I';(h) but with eigenvectors PU; and V', where the columns of V' belong to the null
space of PP’. To see this, write

; (11)

D, o||U'P
r.m=1po,vi| o 0] Y

which shows the eigenstructure of ', (h) clearly. Of course, if I'; (h) is diagonal, then Uy, = I
and the independent factor model it is obtained.

As for the autoregressive parameter matrices, the condition is

¢ (h)P = P (h),

assuming that ¢ (h) has linearly independent eigenvectors and writing ¢%(h) = W, F, W, L
where Fj, is diagonal and contains the eigenvalues of ¢%(h). Then

¢5(h)PW,, = PW,, Fy, (12)
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shows that the eigenvalues of ¢ (h) are eigenvalues of ¢%(h) as well, with eigenvectors
PW,,.

Based on the discussion above, the following remarks summarize the differences between the
basic properties of the independent-factors model and the dependent-factors model.

Remark 5. The main differences between the properties of the independent and dependent
factors are presented (yes means that the property is present; and, mo means that the
property is not present):

a) Rank(T,(h)) =r(h > 1): independent factors (yes); dependent factors (yes);
b) T'.(h) is symmetric: independent factors (yes); dependent factors (mno);
¢) FEigenvectors of T',(h) are columns of P: independent factors (yes); dependent factors

(no);
d) Eigenvalues of T',(h) are eigenvalues of T';.(h): independent factors (yes); dependent
factors (yes).

e) Rank(P(l) =r): independent factors (yes); dependent factors (yes);

f) z2 ~ ARFIMA(p, = pz,d. = dg,q. = max(ps,qs)): independent factors (yes);
dependent factors (yes);

g) Rank(v); = r,(i > 1), where ¥(B) = ¢ Y(B)D.[(1 — B)]7'0(B): independent
factors (yes); dependent factors (yes);

h) Eigenvalues of ¢%(k) are eigenvalues of ¢k(k): independent factors (yes); dependent
factors (yes);

i) Eigenvectors of ¢%(k) are eigenvectors of ¢%(k): independent factors (yes); dependent
factors (mo).

The proofs of the above statements are straightforwardly obtained from Algebra Matrix
Analysis and, these are, therefore, here omitted, but available upon request.

2.3 DModels and estimation
2.3.1 Short and long-memory cases

Let Equation (1) be the short or long-memory model described previously for independent
factors. Since none of the elements on the RHS of Equation (1) are observable, these have
to be characterized further to make them identifiable. Following the same lines of Lam &
Yao (2012), it is assumed that no linear combinations of x; are white noise, as any such
components can be absorbed into €; [see condition (C1) below]. It is also assumed that
the rank of P is r. Otherwise Equation (1) may be expressed equivalently in terms of a
lower-dimensional factor. Furthermore, since Equation (1) is unchanged if we replace (P,
x;) by (PH, H 'x;) for any invertible r x r matrix H, it can assume that the columns of
P = (p1,...,pr) are orthonormal; that is, P'P = I, where I, denotes the r x r identity
matrix. Note that even with this constraint, P and x; are not uniquely determined in
Equation (1), as the aforementioned replacement is still applicable for any orthogonal H.
However, the factor loading space; that is, the r-dimensional linear space spanned by the
columns of P, denoted by Q(P), is uniquely defined.

The condition (C1) summarize all the assumptions introduced so far:
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(C1) In model presented in Equation (1), ¢ ~ WN (0,X%.). If ¢’x; is white noise for
a constant ¢ € R*, then ¢’Cov(xiin,€;) = O for any nonzero integers h. Furthermore
PP—1,.

This assumption relaxes the independence assumption between x; and €; imposed in most
factor model literature.

The key to the inference for the model in Equation (1) is to determine the number of factors
r and to estimate the k x r factor loading matrix P, or more precisely the factor loading
space Q(P). Once an estimator is obtained, say, P, a natural estimator for the factor process
is

=Pz, (13)

and the resulting residuals are

= (I;— PP')z. (14)

The dynamic modeling for z; is achieved via such a modeling for &; and the relationship

= P&, A parsimonious fitting for &; may be obtained by rotatmg &; appropriately (Tiao
& Tsay 1989). Such a rotation is equlvalent to replacmg P by PH for an appropriate r x r
orthogonal matrix H. Note that Q(P) = Q(PH), and the residuals in Equation (14) are
unchanged with such a replacement.

2.3.2 Estimation for P and r

The estimation method proposed by Lam & Yao (2012) for estimating P for stationary cases
is similar to the method described in Pan & Yao (2008). The goal is to estimate Q(P), or,
equivalently, its orthogonal complement Q(B), where B = (by,...,by_) is a k x (k —r)
matrix for which (P, B) forms k x k orthogonal matrix; that is, B'P =0 and B’'B = I},
[see also (C1)]. It follows from Equation (1) that

B/Zt = B/Gt, (15)

implying that for any 1 < j <k —r, {bjz;,t = 0,%1,...} is a white-noise process. Hence, it
is possible to search for mutually orthogonal directions b1, bs, ... one by one such that the
projection of z; on each of those directions is a white noise. The search is stopped when
such a direction is no longer available, and take k—g as the estimated value of r, where
¢ is the number of directions obtained in the search. This is essentially how Pan & Yao
(2008) accomplish the estimation. It is irrelevant in the above derivation if y, is stationary
or not.

However, a much simpler method is available when x;, and, therefore also z;, is station-
ary:

(C2) x; is stationary model defined in Equation (2), and Cov(x:, €:1p) = 0 for any h >
0.

In most factor modeling literature, x; and €5 are assumed to be uncorrelated for any ¢ and s.
Condition (C2) requires only that the future white-noise components are uncorrelated with
the factors up to the present. This enlarges the model capacity substantially. Put

T.(h) = Cov(zin, 2t), L. (h) = Cov(xisn,xt),
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Ty e(h) = Cov(xitn, €)-

It follows from Equations (1) and (C2) that

T.(h) = PT,(h)P' + PT,(h), h > 1. (16)

For a prescribed integer hg > 1, define

Then M is a k x k non-negative matrix. It follows from Equation (16) that M B = 0; that
is, the columns of B are the eigenvectors of M corresponding to zero-eigenvalues. Hence
conditions (C1) and (C2) imply:

The factor loading space Q(P) is spanned by the eigenvectors of M
corresponding to its nonzero eigenvalues, and the number of the nonzero eigenvalues is r.

M accumulates the information from different time lags. This is useful especially when the
sample size n is small. M is a non-negative definite matrix. I',(h)T',(h)’ is used [instead of
I'.(h)] to avoid cancellation of the information from different lags. This is guaranteed by the
fact that for any matrix C, MC = 0 if and only if T',(h)’'C = 0 for all 1 < h < hy. Since
the strongest autocorrelations are often at small time lags, the tendency is to use small hyg.
On the other hand, adding more terms will not alter the value of r, although the estimation
for I',(h) with large h is less accurate. For the short-memory model, the simulation results
reported in Lam et al. (2011) also confirm that the estimation for P and r, defined below,
is not sensitive to the choice of hyg.

Following the same lines in Lam & Yao (2012), the estimate Q(P) is obtained by performing
an eigenanalysis on

ho
M =3 T.(h)L.(h). (18)
h=1

where f‘z(h) denotes the sample covariance matrix of z; at lag h. Then the estimator 7
for the number of factors is defined in Equation (19) below. The columns of the estimated
factor loading matrix P are the # orthonormal eigenvectors of M corresponding to its 7
largest eigenvalues. Note that the estimator P is essentially the same as that defined in
Section 2.4 of Lam et al. (2011), although a canonical form of the model is used in theirs
study in order to define the factor loading matrix uniquely.

Due to the random fluctuation in a finite sample, the estimates for the zero-eigenvalues of M
are unlikely to be exactly zero. A common practice is to plot all the estimated eigenvalues
in descending order, and look for a cut-off value # such that the (7 + 1)th largest eigenvalue
is substantially smaller than the 7 largest eigenvalues. This is effectively an eyeball test.
The ratio-based estimator defined below may be viewed as an enhanced eyeball test, based
on the same idea as in Wang (2010). In fact this ratio-based estimator benefits from the

faster convergence rates of the estimators for the zero-eigenvalues (for more details see Lam
& Yao (2012)).

A ratio-based estimator for r. The estimator for the number of factors r is given by:

10

67



7 = argmin \41/\;, (19)
1<i<R

where 5\1 > ... > 5\k are the eigenvalues of M, and r < R < k is a constant.

As suggested in Lam & Yao (2012)), in practice, R = p/2 can be the starting point. The
search can not be extended up to p, as the minimum eigenvalue of M is likely to be practically
0, especially when n is small and k is large. It is worth noting that when k£ and n are on the
same order, the estimators for eigenvalues are no longer consistent. However, the ratio-based
estimator in Equation (19) still works well.

Note that, although the above method is here considered for stationary processes, this can
also be applied for non-stationary VARFIMA model with mean-reverting property; that is,
0.5 < d; < 1.0, for at least one i =1, ..., 7.

Remark 6. Based on Remarks 5a and 5d, the ratio-based estimator presented in Equation
(19) holds for independent and dependent factors.

2.3.3 Robust M estimator (M)

Let x1,...,x, be a sample of X. The @, () estimator is defined by

Qn(X) =c{|zi — 554 < j}ry, 4,5=1,.,n, (20)
where ¢ is a constant to guarantee consistency (¢ = 2.2191 for the Gaussian distribution) and
k= [((")42)/4]+1, which corresponds the kth order statistic of (}) distances {|z; —x;|,i <
JY{kr}- L] denotes the integer part. Croux & Rousseeuw (1992) proposed a computationally
efficient algorithm to calculate the @, (-) function. Rousseeuw & Croux (1993b) showed that
the asymptotic breakdown point of @Q,(-) is 50% when X;, ¢ = 1,...n, are independent
random variables.

The covariance between two random variables X and Y may be obtained from the following

identit
e o X v X v
Cov(X,Y) = R [Var (a + ﬁ) —Var <a - 5)] ) (21)

and = Huber 2004).

_ 1 1
where a = \/W \/W (
Now, let Xy, t € Z, a time series with Var(X;) = vx,(0). Let « = 8 = 1/+1/7x, (0), based on
Equation 21 and replacing the Var(-) by Q2(+), Ma & Genton (2000) proposed the following
highly robust ACOVF for single time series

. 1
Vau (h, X2) = 7 [Qu_n(U+V) = Qu_p(U = V)], (22)
where U and V are vectors containing the initial n — h and the final n — h observations of
the single time series X3, respectively. Then, the autocorrelation function can be obtained
from

nn(U+V)—Qr (U V)
R h. X)) — n—h n—h
Pan (X0 = G0 V) T Q2 (U - V)

11
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where U and V are also vectors containing the initial n — A and the final n — h observations
of Xt-

The estimators of the robust covariance and correlation matrices proposed by Ma & Genton
(2001) are extended to the multivariate time series, i.e, the covariance and correlation matrix
functions, respectively. Based on the univariate case given by Equation 22 and the 4, (-)
matrix from Ma & Genton (2001), the following robust estimator of covariance matrix
function of a vector process X;, t =1, ..., n, is suggested

/}\/Qn_h, (Xl,t7 Xl,t) ’?Qn,_h, (Xl,t7 X2,t) cee ’?Qn_h(Xl,t; Xk,t)
I'x.0.(h) = : : : , (24)
;an—h, (Xk,tv Xl,t) ’AYanh (Xk,ta X2,t) s ’A}/anh (Xk,t’ Xk,t)

where 4¢, , (Xi+, X +) is estimated from

R af u Vv u Vv .
YQu_n (Xit, Xjt) = e { o (a + ﬁ) - Q5 (a - 5)} s =1k (25)

In the above, U corresponds to the first n — h observations from X, ; and V' corresponds to
the last n —h from Xj;. o = Qn(X;+) and = Qn(Xj; ). For 4, , (X, X;+), when i = j,
the robust cross-covariance becomes the robust ACOVF given by Equation 22.

The robust correlation matrix function is suggested below

PQu_n (X1t X16)  PQu (X1t X2t) oo PQu_n (X1,t5 Xit)
px,.qQ,(h) = : : : , (26)
ﬁanh, (Xk,thlyt) pAanh(Xkyt»XZt) e ﬁanh(Xk-,th,t)

where pg,,_, (Xi ¢, Xj,.) is estimated from

(e y) - (2-Y)

. (X X) n—h @ B n—h a B
PQun_n\Aity Ajt) = )
(Fey) @ (t-%)

iji=1,.. k. (27)
e

U and V are obtained in similar way as in Equation 25. For pg, , (X;+, X;+), when i = j,
the robust cross-correlation becomes the robust ACF given by Equation 23.

Based on Equation 18 and on the robust ACF estimator, the robust M estimator is here
suggested as

ho
Mg, =) T.q.(WT.q. (). (28)
h=1

where T, ¢, (h) denotes the sample robust covariance matrix of z; at lag h.

Therefore, the estimator 7, for the number of factors is similarly obtained from Equation
(19).

12
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Note that, the asymptotic properties of the robust ACF function in univariate short and long-
memory time series models were well established in Lévy-Leduc et al. (2011a,b,c) and some
are summarized below. Cotta & Reisen (2015) extended the univariate robust ACF function
to multivariate VARMA model. Their study was concentred on empirical investigations.
Therefore, the asymptotic properties of the multivariate Robust ACF | as well as, the robust
factor test based on the eigenvalues of MQn remain open problems and these are one of
current research themes of V. A. Reisen.

Remark 7. Under Gaussian distribution of the process, for short and long memory prop-
erties, Lévy-Leduc et al. (2011c) showed asymptotical results for 7g, (h,-), with a special
attention to long-memory time series; that is, processes that have autocovariance funcion
~v(h) satisfying the assumption

7(h) = h* L(h),

where L is a slowly varying function at infinity and is positive for large h. The authors
showed that for 0 < d < 1/4, the robust autocovariance estimator ¥q, (n,-) has the same
asymptotic behavior as the classical autocovariance estimator 4x. In this case, there is no
loss of efficiency. The standard Gaussian ARFIMA(p,d,q) is one particular case of the
model discussed by the authors.

Remark 8. For 1/4 < d < 1, Ag, (h,-) has the rate of convergence equal to n*=2¢/L(n),
where L is a slowly varying function defined previously; the limiting distribution is non-
Gaussian and belongs to the second Wiener Chaos.

3 Asymptotic property of the eigenvalues of M

In the following section, the asymptotic properties of the eigenvalues of the matrix M in
Equation (18) are summarized according to the results given Lam & Yao (2012) for short-
memory process associated with the classical autocovariance matrix

n—1

S.(h) =n""> (zi4n — 2)(z — 2), (29)

t=1

which exists for 1 < h < hg, where a > 1 is a constant. The asymptotical theory of the
cigenvalues of the matrix M when it is assumed a VARFIMA model and the use of the
robust autocovariance estimator here proposed will be left as an open problem for a future
research topic.

Here, the asymptotic properties are considered under assumption that n — oo and k is
fixed. Let, A1,...,A\; be the eigenvalues of the matrix M:

(C3) z; is strictly stationary and -mixing with the mixing coefficients ¢ (-) satisfying the
condition that 3+, Y(t)'/? < oo. Furthermore, E{|y:|*} < oo element-wise.

(04) >\17---7)\r>O:)\r+1:---:)\k-

Denoted by (;\1,’71), A (;\k,'?k), the k pairs of eigenvalue and eigenvectors of matrix M:
the eigenvalues \; are arranged in descending order, and the eigenvactors 4; are orthonormal.
Moreover, it may go without explicit statement that 4; may be replaced by —4; in order to
match the direction of «; for 1 < i < r.

According to Lam & Yao (2012) the following proposition can be described:
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Proposition 1. Let conditions (C1)-(C4) hold. Then as n — oo (but r is fized), it is
holds that:

(Z) |5\Z - )\1| = OP(n71/2) and H’Ah - 71” = OP(nil/z)f fOT"I: = 17 s Ty and
(ii) \i =Op(n~Y), fori=r+1,... k.

Remark 9. Based on Remarks 5a, 5d and 6, the Proposition 1 holds for independent and
dependent factors.

As previously stated, the asymptotical results of the eigenvalues of MQn are being left as
open problems for future work.

4 Monte Carlo studies

This section reports the results of several Monte Carlo experiments to analyze the effect of
high-dimensional time series with additive outliers on the factor modeling and time series
with long and short-memory dependency. In this context, the empirical study is divided
into two cases of ; (Equation 2), which follows a VARFIMA model with » = 3: (1) short-
memory process where d = (0,0,0); that is, x; is a VARMA process; (2) long-memory
process where d = (dy,ds,d3)’, for at least one dy,ds,ds € (0,0.5). The VARFIMA model
was generated with independent a; from N(0, I) and ® coefficients, which are displayed in
Table 1. The sample size is n = 50, 100, 200, 400, 800 and 1600, and k£ = 0.2n,0.5n,0.8n and
1.2n. The factor model (Equation 1) was generated as follows: first, all k£ x r elements of
matrix P were generated as independent observations from the uniform distribution on the
interval [-1,1], and, all simulated P matrix were divided by k%2 to make all three factors of
the strength §; that is, 0 measures the strength of the factor z;;,j = 1,...,r (see Equation
3.1 in Lam & Yao (2012)). The process € in 1 consists of independent N(0, 1) components
and they are also independent across ¢.

The matrices I', and I, ¢, denote the standard ACOVF and the robust ACOVF estimators
of z;, respectively.

Table 1: ® matrices for VARFI(1,d) process.
®; (Model 1) ®; (Model 2) ®; (Model 3)
06|00 001 06 |035] 01 ||02]|0.0]| 06
0.0 |-0.51]0.01 0.05| -0.5|0.65] 00| 03| 0.0
00|00 |03 08 | 00| 03 | 02]|00]05

Note that, in Table 1 each model has its particularities. Model 1 corresponds to a process
with no temporal correlation outside the diagonal; that is, each x;¢, i = 1,2, 3, has serial
dependence only, while in Models 2 and 3, z; ; has not only serial dependence, but also the
interdependence between different component series z; ; and x; ;.

The main interest in this empirical study is to verify the performance of the statistic 7, given
by Equation 19, in the context of VARFIMA models with and without outliers. For this,
the relative frequencies of # = r, denoted here as f..;. (7 = r), were computed, where 7 is the
estimator of r. The statistical quantities were computed based on 200 replications.

Now, let {z;},t = 1,..., t € Z, be a vector process contaminated by additive outliers defined
as follows:
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Zt:P$t+w06t, (30)

where ”0” is the Hadamard product (Johnson 1989). w = [wy, ...,wy]" is a magnitude vector
of additive outliers. 8; = [01y,...,0k¢]" is a random vector indicating the occurrence of an
outlier at time ¢, in variable k, such as P(6;; = —1) = P(dx+ = 1) = p/2 and P(0, = 0) =
1 — p, where E[dy:] = 0 and E[67 ,] = Var(dx+) = p. The model described above assumes
that {Z;} and {;} are independent processes. Also, it is assumed that the elements of
d; are not correlated and temporally uncorrelated, i.e, E(été;) = Y5 = diag(p,...,p) and
E(8,8,,,) = 0 for h # 0.

Remark 10. dy; is the product of Bernoulli(p) random variable with Rademacher random
variable, the latter equals 1 or -1, both with probability 1/2.

Here, in the empirical investigation, the probability of an outlier occurring at the time ¢ is
p = 0.05 and, without loss of generality, it is also assumed that w = [w, ..., 0]’; that is, 214,
t =1,...,n, is the only one process in z, = (21, 22,4, 23)t)/ contaminated with outliers and
w =15.

4.1 Case 1: short memory (d = 0) with and without outliers

Table 2 reports the relative frequency estimates f..; (7 = 3) with § = 0,0.5 for Model 1. As
expected, the estimation performs better when the factors are stronger(i.e., 6 = 0). Observe
that the test improves when n is very large. Similar performance is observed when the
dimension k increases. When the factors are weak (i.e., 6 = 0.5), the test is also improved
for large sample size (fixed k) but it presents poorer performance than when § = 0; that is,
the convergence of 7 is slower.

Table 3 displays the empirical investigation when the VAR(1) is Model 2; that is, now
the process is generated with a no-diagonal ® matrix. As expected the convergence of the
estimated relative frequencies to 1 is much slower compared to the results related to Model
1. In this case, the estimation performs better again when the factors are stronger (i.e.,
0 = 0). The estimation for r is very accurate for n > 800. An interesting phenomenon is
observed when the strength of the factor is weak (6 = 0.5). In this context, the test presents
a radical reduction of the relative frequencies f,..;. (7 = 3). Therefore, the test has difficulty
addressing the number of factors correctly when there is inter-correlation among variables
which provokes another phenomenon, coined as “non-blessing of dimensionality”. This can
be explained by considering the Remark 1 in Lam & Yao (2012), where || 3,(h)|| =< k'~°
and || A ||?< k'=%. From this, if § > 0 the test leads to under reduction phenomenon.

This phenomenon is more evident in the case of Model 3 (the simulation is not presented here
but is available upon request). These results indicate that the presence of a more complex
structure of correlation leads to an incorrect estimation of the dimensional reduction and is
also confirms the discussion in Section 3.

Now, the investigation is directed to the case where the process z; contains additive outliers.
Table 4 shows the relative frequency estimates for the dimensional reduction (7 and 7, =
1,2 or 3) when r = 3 for Model 1 considering the presence of outliers. The standard case
(F and p = 0) is in accord with the results given by Table 2. The third column glves the
simulation results using T, @, when p = 0. As one can see, the 7 estimates using I. Qn
present similar results of F when p = 0, which is in accordance with the results presented in
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Table 2: Relative frequency estimates for f,..; (# = 3) in the simulation with 200 replications
- Model 1.

n 50 100 200 400 800 1600
0=0 k=02n 0.170 0.585 0.870 0.995 1 1
k=0.5n 0395 0.710 0.975 1 1 1
k=0.8n 0435 0.740 0.960 1 1 1
k=12n 0470 0.785 0.960 1 1 1
0=05 k=02n 0.090 0.130 0.265 0.470 0.840 1
k=0.5n 0.070 0.155 0.315 0.585 0.905 1
k=0.8n 0.070 0.165 0.385 0.635 0.945 1
k=12n 0.070 0.215 0.365 0.700 0.915 1

Table 3: Relative frequency estimates for f..; (7 = 3) in the simulation with 200 replications
- Model 2.

n 50 100 200 400 800 1600

0=0 k=02n 0.080 0.095 0.145 0.360 0.815
k=0.5n 0180 0.155 0.205 0.450 0.875
k=0.8n 0.155 0.165 0.250 0.455 0.830
k=12n 0.180 0.160 0.285 0.465 0.915

— =

0=05 k=02n 0.050 0.000 0.000 0.050 0.000 0.000
k=0.5n 0.025 0.000 0.000 0.000 0.000 0.000
k=0.8n 0.000 0.010 0.000 0.000 0.000 0.000
k=12n 0.030 0.005 0.000 0.000 0.000 0.000

Cotta & Reisen (2015). This fact indicates that the robust methodology may be used when
one is uncertain of the presence of outliers in the series. The impact of additive outliers in
the number of estimated factors can be verified from the second column where the presence
of atypical observations in the data leads to a reduction of the estimated frequencies when
7 = 3 for all values of k. This does not occur when the robust estimator is utilized, the
results are quite close to the ones from the first column. The percentage of outliers in
only one vector seems to be, in general, not strong enough to destroy the robustness of the
proposed method.

Table 4: Relative frequency estimates for dimensional reduction - Model 1’s ® coefficients.

I r, 20, 20,
p=0 p=0.05and w =15 p=0 p=0.05and w =15
n = 100 n = 100 n =100 n =100
r=1 7=2 7r=3|r=1 7=2 7=3|7q, =1 7g,=2 7g,=3|7g,=1 Tg,=2 T7g,=3
=0 k=02n 0.110 0.330 0.585 | 0.250 0.230 0.290 0.140 0.410 0.450 0.180 0.380 0.440
k=0.5n 0.100  0.280  0.710 | 0.240  0.240  0.260 | 0.130 0.320 0.550 0.160 0.310 0.530
k=0.8n 0.040 0.200 0.785 | 0.130  0.120  0.210 | 0.040 0.270 0.690 0.060 0.290 0.650

In Table 5, the relative frequency estimates of 77 for Model 3 are presented. Note that for
Model 3 all correlations are positive. The first column shows that the complex structure
of correlation leads to a decrease in the number of times that the dimension reduction was
correctly estimated; that is, the values when 7 = 1 is much bigger then 7 = 3. This result
is consistent with the ones from Table 3 and, in Zamprogno (2013) and Cotta & Reisen
(2015) and, discussed in Section 3. The occurrence of outliers seems also to increase the
frequency of 7 = 1. When the robust estimator fz_’Qn was applied, the results of the 4th
column are closer to the values of the first column showing the possibility of applying the
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proposed robust methodology in this context.

Table 5: Relative frequency estimates for dimensional reduction - Model 3’s ® coefficients.

rs

T

T

= Tz0. 2.Qn
p=0 p=0.05and w =15 p=0 p=0.05and w =15
n = 100 n = 100 n = 100 n =100
r=1 r=2 Tr= r=1 r=2 7=3|7g, =1 Tg,=2 7g,=3|7Tg,.=1 7g,=2 T7g,=3

6=0 k=02n 0.950 0.050 0.000 | 0.950 0.050 0.000 0.600 0.225 0.155 0.850 0.075 0.075
k=0.5n 0.825 0.125 0.050 | 0.900 0.100 0.000 0.525 0.125 0.225 0.875 0.100 0.025
k=0.8n 0.850 0.075 0.075 | 0.900 0.050 0.050 0.525 0.300 0.075 0.775 0.100 0.100

4.2 Case 2: long memory com d € (0,0.5) with and without out-

liers

In the following tables, the relative frequency estimates for estimated number of dimensions
is presented in order to verify the asymptotic properties discussed in Section 3 for time
series with long-memory features. The effect of additive outliers and the usefulness of the
proposed robust methodology are also considered.

For the long-memory experiments the additional d = [0.1,0.2,0.4]" parameter is set for the
VARFIMA model in Equation 2. Table 6 shows the relative frequency estimates for the
dimensional reduction (7 and 7o, = 1,2 or 3) when r = 3 using Model 1’s ® coefficients
from Table 2. Comparing the first columns of Tables 4 and 6, it is possible to see that
the long memory property produces an improvement in the estimation of the number of
factors, compare the values when 7 = 3. The robust methodology performs similarly to the
short-memory case in long-memory context and the same conclusions are held.

Table 6: Relative frequency estimates for dimensional reduction - d = [0.1,0.2,0.4)" and
Model 1’s ® coefficients.

I, I, I'.q. I'.q.
p=0 p=0.05and w =15 p=20 p=0.05and w =15
n = 100 n = 100 n = 100 n = 100
r=1 7r=2 7=3|7r=1 r=2 T=3|7g, =1 Tq,=2 Tq,=3|Tq,=1 Tg,=2 Tg,=3
6=0 k=02n 0.110 0.260 0.630 | 0.310 0.270 0.260 0.150 0.310 0.540 0.160 0.320 0.520
k=0.5n 0.080 0.110 0.810 | 0.100 0.200 0.320 0.140 0.110 0.750 0.160 0.130 0.710
k=0.8n 0.010 0.150 0.840 | 0.140 0.160 0.280 0.020 0.160 0.820 0.020 0.200 0.780

Table 7 shows the relative frequency estimates for the dimensional reduction using Model
3’s ® coefficients with long-memory. Although, like the results in Table 3 and 5, the results
are affected by a complex correlation structure, the presence of the long-memory property
seems to slightly improve the estimates when k is small. The robust methodology performs
similarly as in the results of others tables.

Table 7: Relative frequency estimates for dimensional reduction - d = [0.1,0.2,0.4)" and

Model 3’s @ coefficients.
i

2z r. T2q. Izan
p=0 p=0.05and w =15 p=0 p=0.05and w =15
n = 100 n = 100 n = 100 n = 100
r=1 r=2 7=3|7=1 r=2 T=3|Tg, =1 Tg,=2 Tq,=3|Tqg,=1 Tg,=2 Tg,=3
=0 k=02n 0.850 0.125 0.025 | 0.650 0.125 0.200 0.950 0.025 0.025 0.900 0.050 0.050
k=0.5n 0.875  0.100  0.025 | 0.475  0.175  0.150 | 0.900 0.075 0.025 0.900 0.100 0.000
k=0.8n 0.900 0.050 0.500 | 0.400 0.125 0.200 0.950 0.050 0.000 0.925 0.050 0.025
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5 Application to PM

This section presents an application of the methodology discussed in Sections 2 and 3 for
P M concentrations measured at the Air Quality Automatic Monitoring Network (AQAMN)
of the Greater Vitéria Region (GVR). The application was divided into two parts: 1) re-
duction of the dimensions, and 2) forecasting. The AQAMN consists of eight monitoring
stations distributed in the cities of GVR as follows: two stations in Serra, Laranjeiras and
Carapina. The city of Vitéria has three stations, Jardim de Camburi, Sud and Centro (Vix-
Centro). Vila Velha has two stations, Centro (VVCentro) and Ibes. The city of Cariacica
has one station at Ceasa. The PM;q in pug/m? is monitored in all stations, therefore, k = 8.
The PM;q series corresponds to the daily average observed at all stations from January
2005 to December 2009 in a total of n = 1826 observations

In Table 8, the descriptive statistics of the PM;y concentrations in the stations are sum-
marized. From this table, one can observe that the mean and median of the pollutants are
between 19ug/m? and 44ug/m? which are in accordance with parameters set the national
regulatory agency. In addition, the maximum values are much larger than the third quartile
quantities. This may be an indication that the data possesses aberrant observations.

Furthermore, Figure 1 displays the plots of the PM;( concentrations from January 2005 to
December 2009 and Figure 2 shows the box-plots of the series. Based on these plots, the
series indicated that they have high levels of concentrations which can be identified, from
statistical point of view, as being outliers (additive). This empirical evidence justifies the
use of both robust and non-robust methods to verify whether or not these high levels make
any impact in the present investigation.

Table 8: The descriptive statistics for all AQAMN’s stations

Laranjeiras

Carapina

Camburi

Sua,

Min. : 6.08
1st Qu.:24.50
Median :31.27
Mean :32.26
3rd Qu.:38.07
Max. :86.46

Min. : 5.75
1st Qu.:19.33
Median :23.00
Mean :24.13
3rd Qu.:27.71
Max. :88.25

Min. : 8.67
1st Qu.:23.64
Median :28.33
Mean :28.97
3rd Qu.:33.46
Max. :78.08

Min. : 7.50
1st Qu.:22.71
Median :27.00
Mean :28.08
3rd Qu.:32.46
Max. :74.58

VixCentro

Ibes

VVCentro

Cariacica

Min. : 5.63
1st Qu.:21.46
Median :25.25
Mean :26.01
3rd Qu.:29.78

Min. : 7.00
1st Qu.:22.01
Median :27.29
Mean :28.13
3rd Qu.:32.91

Min. : 5.92
1st Qu.:21.51
Median :27.21
Mean :28.94
3rd Qu.:33.92

Min. : 8.92
1st Qu.: 36.14
Median : 43.33
Mean : 44.16
3rd Qu.: 50.79

Max. :70.42 Max. :88.13 Max. :94.75 Max. :106.33

As discussed by the literature, the high concentration levels may lead to a reduction of the
values of the classical ACF, thus, in Figure 3, the robust ACFs of the series are displayed.
The plots of the classical ACF are not presented here to save space. However, these values
were very similar to the robust ACF ones. As one way to visualize this, Figure 4 shows plots
of p, against p, ¢, for the PM;0 concentrations recorded at the Vila Velha-Ibes station.
As can be seen, there is an approximate linear relationship between both ACFs, which
corroborate to the fact that there is no indication of outliers in the data.

Besides, from the robust ACFs plots, it is possible to note that the long memory property
is well observed. To corroborate the similarity of standard ACF and robust ACF, Table 9
displays the estimates of the long-memory parameter d, at zero frequency, for the standard
fractional (d) and the robust fractional (d,.) estimators. These estimates were obtained fol-
lowing the steps suggested in Molinares et al. (2009) and were computed near zero frequency
to avoid any contamination from the seasonal counterparts. This empirical study confirms

the evidence previously observed, that is, if there are any aberrant observations, they were
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not strong enough to provoke interference with estimates.
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Table 9: Estimates of standard d and robust d,. for different alphas ()

a d sd(d) d, sd(d,)
0.70 0.2564 0.0507 0.2664 0.0258
0.71 0.2554 0.0486 0.2525 0.0252
0.72 0.2275 0.0466 0.2275 0.0242
0.73 0.2257 0.0442 0.2353 0.0239
0.74 0.2167 0.0418 0.2355 0.0230
0.75 0.2254 0.0411 0.2232 0.0215
0.76 0.2347 0.0389 0.2382 0.0204
0.77 0.2405 0.0376 0.2392 0.0198
0.78 0.2310 0.0356 0.2456 0.0192
0.79 0.2592 0.0345 0.2630 0.0185
0.80 0.2639 0.0342 0.2510 0.0175

From the above discussion, it is expected that the next empirical investigation, which is
related to estimate AF model and forecasting issues, will show similar performance for both
methodologies, that is, the standard and robust ones. In this context, the attention is
directed toward the application of the methodology to reduce the dimensionality of PM;g
data from AQMN of RGV. The analysis was carried out with hy = 14 to consider long-
memory and seasonality for the eigenanalysis on M and on M\Qn of Equations 18 and 28,
respectively. The eigenvalues obtained (in decreasing order) and their ratios obtained using
fz are shown in Figure 5 (first two panels, respectively). The corresponding robust version;
i.e using fz’Qn is shown in Figure 6. The plots show similar results which is, as previously
stated, an expected result. Both plots indicate that the number of factors is r = 1, and this
can also be seen from the ratio-based estimator that leads to a reduction to one factor. The
reduction was not affected when varying the value of hyg.
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Figure 5: Plots of estimated eigenvalues, ratios of estimated eigenvalues of M and estimated
first factor.
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Figure 6: Plots of estimated eigenvalues, ratios of estimated eigenvalues of J\/ZQTL and esti-
mated first factor.

The last panels in Figures 5 and 6 display the time series plots of the estimated z; defined
in Equation 13, for I', and I'; ¢, , respectively. Their corresponding ACFs are shown in
Figure 7. As one can see, the ACF's from both methods present significant autocorrelations
(decaying at a hyperbolic rate) and stochastic seasonal behavior remained from the original
data set. Thus, these features must be also considered in a subsequent application of the
proposed methodology.

As previously mentioned, the use of standard VARMA model to estimate the multivariate
series may pose difficulties to model estimation and forecasting due to the dimension of
the data. However, to circumvent this problem, the use of the factorial analysis proposed
in this paper (Equation (1)), with P and the estimated factor series #, is encouraged.
Based on this, the h-step ahead forecast for the z; series can be simplified using the formula
ﬁf(phlh = Pﬁ:gﬁh, where aﬁ'gphlh is an h-step ahead forecast for f;, based on the estimated
past values @1, ...,@7. This can be obtained, for example, by fitting a vetor-autoregressive
model to @1, ..., @7 (Lam et al. 2011).

The factor model indicated the use of one factor (# = 1) and the standard ACF and robust
ACF (Figure (7)) demonstrated that the factor may presents long memory property at
seasonal and non-seasonal periods of approximately 7 days. These oscillations are due to
the fact that the series corresponds of the daily mean observations. Although, the proposed
methodology discussed in the previous sections does not embrace the seasonal behaviour,
this characteristic is considered here in subsequent analysis in order to produce accurate

predictions. Thus, the igﬁh was obtained by means of robust SARFIMA model (denoted

by Model 1) proposed by Reisen et al. (2015). In addition, a%(Tlllh was also obtained using the

standard SARMA model (Model 2). The performance of both methods will be compared to
the performance of the standard VARMA model (Model 3).
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Figure 7:

For the subsequent analysis, the resulting factor series was divided into two parts: learning
and prediction sets. The 1626 observations from January 1st, 2005 to June 14th, 2009 are
considered to be the learning set and the remaining 200 observations are considered for the
forecasting study. Based on statistical analysis, the SARFIMA(1,0.3315,0) x (0,0.1623,0)7,
where the estimates were computed for the bandwidth m’ = 33 in accord with Reisen et al.
(2015), and SARMA(1,0) x (1,0)7 were chosen for the factor series. The ACFs of the
residuals of both models are presented in Figure 8, where it can be observed that the filters
captured the long-memory correlation and seasonality of the factor series quite well. The
Box-Pierce and Ljung-Box statistics (robust tests) demonstrated that the sample residuals

ACF
0.4

ACF
0.4

The autocorrelations of the estimated factor for fz and fz,Qn; respectively.

0.8

0.0

0.8

0.0

Standard

l**ﬁ?{l*T*l """"""

— e
T T T T T T T
0 5 10 15 20 25 30
Lag
Robust
l*ﬁﬁ{l*T """" *"l"T"} """""
i E— 7 T 11—
0 5 10 15 20 25 30
Lag

are not time-correlated (the results are available upon request).
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Figure 8: ACFs values of the residuals of SARFIMA and SARMA models, respectively, for
the resulting factor series

As stated above, the 200 observations from June 15th, 2009 to December 31st, 2009 were
discarded from the modeling stage to be used in the out-of-sample forecast study. Figure
9 presents the visual analysis of the one-step-ahead forecast values of the Model 1 (first
panel) and Model 2 models (second panel) for the estimated factor, i.e, from June 15th,
2009 to December 31st, 2009. It can be observed that both plots indicate a reasonably good
performance. That is, the models were able to capture the dynamic behavior of the factor
series for one-step-ahead forecasts.
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Figure 9: Forecasted values by the SARFIMA and SARMA models, respectively, for the
resulting factor series

Now, motivated by the above results, the next step is to use the estimated factor series to
forecast values of the observed series. Let 25,1}2 h= Pa%(T}:)_ »» thus, the forecasts for the original
series were performed based on the Model 1 and Model 2. For all series (stations), the one-
step-ahead forecast values performed well. In order to exemplify, Figure (10) presents the
visual analysis of the one-step-ahead forecast values for P M7 concentrations of the Vitéria-
Sué station obtained by Model 1 and 2 from the resulting factor series and Model 3 (using

the standard VAR(1) model; estimated model parameters are available upon request) for
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the original vector series, which is also considered in the study for the purpose of comparison
between these models.
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Figure 10: Forecasted values of Vitéria-Sud obtained by the Model 1 and Model 2 (from the
resulting factor series) and Model 3 (from the original series).

To measure the accuracy of the forecasts, the criteria used were the Mean Square prediction
Error (MSPE), Mean Percent Prediction Error (MPPE), Mean Absolute Percent Prediction
Error (MAPPE), the values are displayed in Table 10 for the Vitéria-Sud station. From the
table, it can be seen that the AF-SARFIMA model presented more accurate forecasts than
the AF-SARMA and VAR models.

Table 10: MSPE, MPPE and MAPPE of the fitted models.
MSPE MPPE MAPPE
AF-SARFIMA 8.22 6.49 22.83
AF-SARMA 8.22 6.52 23.16
VARMA 12.34  9.27 40.28

To summarize, the application discussed in this section corroborates with the usefulness of
applying the proposed methodology in the context of additive outliers and long-memory in
multivariate time series.
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6 Conclusions

In this article a robust factor model for high-dimensional time series with short and long-
memory and additive outliers is proposed. Some theoretical results are discussed and these
were empirically investigated by Monte Carlo experiments under different scenarios, which
showed evidence that, for finite sample, the effect of the additive outliers on the reduction
order factor dimension test. The proposed robust estimator performed quite well and this
indicates that the robust test can be very useful in practical applications where there is
any evidence of aberrant observations, such as, high levels of concentrations in the pollution
area. In addition, the proposed methodology was used to identify pollution behavior of the
pollutant PM;( in the Greater Region of Vitéria and to forecast the observations, which
can be very useful for the management of the air quality network. The results in this paper
will hopefully stimulate further research on this theme.
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5 CONCLUSOES

As conclusoes desta tese foram apresentadas no artigo 1 e no artigo 2. E estao relatadas a

seguir.

No artigo 1 foi adotado um modelo SARFIMA na presenga de valores extremos (outliers)
para modelar as médias didrias de concentracoes de SO,. As andlises estatisticas mostraram
que a série SO,y apresenta o comportamento de sazonalidade, estacionariedade e de memoria
longa. Para estimar os parametros fracionais robustos dg and Dg foram combinados os
métodos sugeridos por Reisen et al. (2014b), Lévy-Leduc et al.(2011c) and Molinares et al.
(2009).

Baseado nos estimadores robustos dr e Dy foi ajustado o modelo SARFIMA(0,d,1) x
(0, D,0)7. Os resultados mostraram que os residuos do modelo ajustado sdo nao-correlacionados
e normalmente distribuidos. Um modelo padrao SARMA(1,0) x (1,0); também foi ajustado
as concentragoes de SO, para mensurar a qualidade da previsao do modelo SARFIMA em
relacao ao modelo SARMA. A previsao, utilizando o erro quadratico médio percentual, in-
dicou que o modelo SARFIMA robusto apresentou um alto nivel de precisao, especialmente

para previsoes em periodos de tempo maiores.

Os parametros fracionarios robustos sao uma forma atraente de estimar os parametros do
modelo SARFIMA com memoria longa, sazonalidade e valores atipicos, e podem ser facil-
mente utilizados em aplicacbes praticas reais, em diversas areas do conhecimento. Através
dos resultados deste trabalho, esperamos estimular a investigacao sobre o uso de métodos
de estimagao robusta e de memdria longa, para representar séries ambientais e estimar as

previsoes de concentragoes dos poluentes de forma mais precisa.

No artigo 2 foi proposto um modelo fatorial robusto aplicado em séries temporais de gran-
des dimensoes, com propriedades de curta e longa dependéncia, na presenca de observagoes

atipicas (outliers) e de sazonalidade.

Alguns resultados tedricos foram discutidos e investigados, empiricamente, através dos expe-
rimentos de Monte Carlo em diferentes cendrios, que evidenciaram, para a amostra finita, o
efeito dos outliers aditivos na reducao da ordem da dimensao do modelo fatorial estimado.
O estimador robusto proposto apresentou bom desenpenho, indicando que o teste robusto
pode ser muito ttil em aplicacoes praticas, onde nao ha qualquer evidéncia de observagoes

atipicas, tais como altos niveis de concentracoes na area de poluicao.

Além disso, esta metodologia proposta foi utilizada em uma situacao real de poluentes at-
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mosféricos. O modelo fatorial foi aplicado para identificar o comportamento das concen-
tragoes de PM;y na Regiao da Grande Vitéria, e para fazer previsoes dos niveis de concen-
tracoes deste poluente. Os resultados mostraram que o modelo fatorial apresentou melhor

acurdcia na previsao, em rela¢do ao modelo vetorial autoregressivo (VAR).

A conclusoes feitas aqui mostraram que a metodologia apresentada nesta tese pode ser muito
util para a gestao da rede de monitoramento da qualidade do ar. Esperamos que os pesqui-

sadores tenham sido estimulados com o tema.
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